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I.  INTRODUCTION 

The K-integrator for stiff ordinary differential equations was 
developed in the late 1960's by one of us (MDK), and has been repeatedly 
improved since that time1-3.  It is intended to solve systems of the form 

Y(t) = G (Y(t).t), te[aJb], (1) 

Y(a) = Y0  , 

where    Y(t) = dY(t)/dt, 

Y(t) = [YV), Y2(t), ... , YN(t)]T , 

and     G(u,t) = [Gl(u,t).  G2(u,t), ... , GN(u,t)]T. 

The concept of stiffness is difficult to define formally. However, 
it can be described in terms of the Jacobian matrix J(u,t), where the 
element in row i and column j is 

J1:i(u,t) = 3G1(uJt)/9y
;i. (2) 

A stiff system will have one or more eigenvalues in the Jacobian whose 
real parts are negative and large in modulus. As a result the corre- 
sponding components in the solution will decay very rapidly in comparison 
to the other terms present. 

2 
M.  D.  Kregel and E.  L.  Lovtie,   "Desoription and Comparison of the 
K-Method for Performing Nwneriaal Integration of Stiff Ordinary 
Differential Equations"J  BRL Report No.   2722,  July 1974  (ADA  M002855). 

2 
M.  D.  Kregel and J.  M.  Heimerl,   "Comments on the Solutions of Coupled 
Stiff Differential Equations",  BRL Memorandum Report   No.   2769,  July 1977; 
or Proaeedings of the 1977 Army Numerical Analysis and Computers 
Conference,  ARC Report  77-2,  November 1977,  pp.   552-563  (ADA M042122). 

T.  P.   Coffee,  J.  M.  Heimerl,  and M.   D.  Kregel,   "A Numerical Method for 
Large Stiff Systems of Ordinary Equations",  Transactions of the 24th 
Conference of Army Mathematicians,  ARC Report 79-1,  January 1979. 
pp.   249-257. 



It will be useful to rewrite the system (1) using the diagonal 
Jacobian elements. We define the diagonal matrix R(Y(t),t) and the 
vector FCYCt^t) with components, 

R^YCtht)  = -J11CYCt),t),  and (3) 

F1CYCt),t3   = Y^t)   + R1(Y(t)Jt)Y1(t). 

Then equation (1) becomes 

Y(t) = F(Y(t),t) - RCY(t)Jt)Y(t). (4) 

i ' i The term R measures the sensitivity of Y with respect to changes in 
Y1. 

The system is solved at a set of discrete points in time.  Thus, 
n 

step sizes, h., and times, t = a+ £ h., are introduced.  Approximations 
i=l 

y to Y(t ) are then produced for n=l,2, ... by the integrator. 

These approximations will be found using multistep formulas of the 
q q . 

form y = y  a.y.+h  >  g.  v.. (5) ^n  .u.       i 'n-i   n .Ln      i 'n-i i=l i=0 

The truncation error will depend on the order of the formula. For stiff 
equations, there is also the problem of stability. That is, a small 
error in one step may propagate and grow in subsequent steps.  Standard 
non-stiff methods will be restricted to very small step sizes to preserve 
stability.  Dahlquist^ has shown that to maintain reasonable stability 
for stiff systems, the formulas must be implicit, that is, 3n / 0. 

Most stiff multi-step methods use a modified Newton iteration to 
solve (5).  First an explicit predictor y^  is found.  Then its time 
derivative and corresponding corrector are defined: 

y P = F(y P,t ) - RCy P,t )y P        and (6) 'n    wn ' n^   ^n ' n^n 

4G.   G.   Ddhlquist,  AMS Symp.  Appl.  Math.   IS,   (1962),   147. 



y„    =    1    a-y     • + h  T  B.y  , + h g y  . (7) yn   .L  i'n-1   n .L.     i-^n-l   n oJn v  } 

i=l i=l 

Finally the vector A is defined such that 
n 

P 
y = y  + A . rg) 
"^n  /n    n y  } 

p r 
An approximation dn to An can be found from the difference (yn -yn ), 

by expanding yn in a series about the yn
p and truncating. This procedure 

leaves the following system of linear equations to be solved, 

(// - yn
c) = [h3oJn - i]dn, (9) 

P 
where Jn = J(yn ,tn) and I is the identity matrix. The accuracy of the 
approximation to yn can be found by monitoring the size of the quantity 
(y P2 _ y C2-) ^  where 

P2    P 
y   = y  + d       and (10) 
'n    'n    n v    J 

y   = )  a.y . + h  y p.y . + h 3 y  . (11) 
n    .''.  vn-i   n .6r  i^n-i   n o^n i=l i=l 

If necessary, the Newton iteration can be repeated. 

3 
Solving the system of equations (9) requires approximately N /3 

multiplications and divisions, where N is the number of equations. Thus, 
in general the larger N, the greater the computation time.  Reduction of 
this time has been an objective of several algorithms including the one 
presented herein. 

One approach to this problem is the well-known algorithm DIFSUB, by 
C. W. Gear^.  This is a variable-order method, based on formulas of the 
form 

C. W.   Gear-;,   "Nwnevicat In-itial Value Problems in Ordinary Differential 
Equations",  Prentice-Eall,   1971. 



y =  T  a.y  .+hgnyJ   l<q<6. (12) 
i=l 

The program automatically uses the higher order formulas if more accuracy 
is required. All the formulas are based on a fixed-step size h. To 
change the step size, the appropriate values for y _. are found by 
interpolation. 

For a given step, the matrix based on the Jacobian is found and 
inverted. The program reevaluates this matrix only when it fails to 
obtain convergence in three Newton iterations. One therefore does not 
have to invert a matrix every step. 

More recently, variable-step formulas have been developed. Any 
sequence of step sizes h-^ can be used. The coefficients a^ and 3i in 
(5) are variable and depend on the previous step sizes.  In practice, 
such codes have been more stable. 

One such code is EPISODE, developed by Byrne and Hindmarsh .  It 
uses a variable-order, variable-step formula.  Like DIFSUB, it uses an 
aged Jacobian. An LU decomposition is computed instead of a matrix 
inversion. 

The K-integrator uses a fixed-order, variable-step formula.  Except 
for starting, it always uses a third-order formula.  The lack of higher 
order formulas will not be important, provided only moderate accuracy 
is required. 

The major innovation in the K-integrator is the method of solving 
the set of equations (9).  Both DIFSUB and EPISODE approximate (heoJn-I) 
by the values of the matrix at an earlier time step tn_i. The K-integrator 
evaluates the matrix at each time step; but, if possible, it is one of 
reduced size.  Finding a suitable approximation to any of the d^ 
permits the corresponding row and column to be eliminated from the 
matrix. 

To illustrate, we write (9) in component form; i.e., 

y Pk - y Ck = h3  ^ J kJ d j + [h3 J kk - l]dn
k. (13) 'n     n      o   .L,     n        n   L o n     J n 

J = l 

'(?. D.  Byrne and A.   C.  Hindmarsh,  ACM Trans.  Math.  Software  (1975),   71. 



We attempt to approximate d  by 

There are several cases where (14) is a reasonable approximation. 
First, if h is very small, such as at the beginning of the integration, 

so that |heo I      Jn idj\   «   |dn
k|, then the off-diagonal terms may be 

neglected.  Second, even if h is large, the equation for yn may be 

weakly coupled to the other equations, i.e.. Id kkd k| » I )" J ^ d ^ I 1 n  n '   ' .3. n   n ' 
Pk ■'*    rk Finally, at any value of h, yn  may be a good approximation to y  , 

A        1 pk   Cki . n . , k and soy   -y    ~0=d 
" n   ' n '      n 

In general, the set of equations (13) is solved in two stages. 
First a set of indices, L, is determined for which (14) is valid, i.e.. 

dn' = ^T-o/^o^"-1^   ^L-    W 

Then, using these values, the system (13) becomes 

Pk _ v 
Ck _ >.«  V T 

kJ ^ J - !,«  V  T 
kJ^ J . rh3 j 

kk_ lld 
k 

on    i   n 

k ^ L.   (16) 

y/k - y,^ - h3     T J kj d ^ he     I   Jkidi + [u J kk- i]d 1 
n    'n     o   .L.   n        n     0 .3, n  n   L o n    J n 

The reduced system (16) is then solved using an LU decomposition and 
back substitution.* Where the reduced system involves a small number 
of the original set of equations, for example when h is small, there 
will be a significant reduction in computation time. 

The difficulty in using this algorithm lies in determining which 
set of equations can be solved with sufficient accuracy using (14). 
The version reported here monitors the error terms | yn   - yn("^kl and 
uses them to determine the set of indices L for the next time step. 
The details are given in the next section. 

^Earlier versions of the K-method  (Refs.   1 and 2)  included a Gauss- 
Seidel iteration procedure before the matrix factorization.     The version 
reported here omits this iteration procedure. 



II.  THE NUMERICAL METHOD 

The K-integrator is based on a fixed third order formula of the 
form 

yn  = al Vl + a2 yn-2 +  Vn-S*11 ^0  >n + h  Vl + *2 ^     ™ 

It is a variable step formula.  If h, h', and h" are the last three step 
sizes, then 

P2 = 0.05 

31 = 0.35 

p = h'/h 

q = (h' + h") /h 

e0 = [(1+P) (l+q) - 32p(p-q) - 31pq]/(3+2p+2q+pq) 

a3 = [l+p-e2p
2 - 30(3+2p)]/ [q2(p-q)] 

a2 = (e2 + 31 - a3q + $Q  -   l)/p 

a1 = 1 - a2 - a3 . 

For constant step size, the stability can be described in terms of 

parameters a and D.  A formula is said to be A (a, D) stable, ac   (0, y) , 

if all numerical solutions to Y = -AY converge to zero as n ->■ <*>  with h 
fixed for all | arg (- Ah) | < a, j X | ^ 0 and for all Re (hA) < D7. 
This combines the features of the A(a) - stability of Widlund8 and the 
stiff stability of Gear5. For the above formula a = 81° and D = 0.4. 
The truncation error, neglecting higher order terms, is - 0.0966 h4YC4)(t) 
If the step size is not held constant, the truncation error will vary 
slightly. 

7G.   K.   Guptas  Math,   of Comp.   30   (1976),   417. 

0.   B.   Widlund,   BIT 7   (1967),   65. 
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In practice the K-integrator uses modified forms of equations (9) 
and (10) that are somewhat more convenient for chemical kinetics problems, 
where it has mainly been applied. The modified form of equation (9) is 

y P - y C = A g , (is) 
'n    n    n&n ' 

where A ^   =   [hg    J ^   -  6..]y Pl and n Lon ijJn 

1 A     1/        Pl 

g      = d    /y 6n n    -^ n 

In this notation equation (10) becomes 

yn
P2i = yn

Pi(l + g^)     ,       i = 1,2.....N. (19) 

The rationale for (18) and (19) is the following. For a given network 
or set of chemical reactions at a known temperature, the rate at which 
each reaction proceeds equals a constant multiplied by the concentration(s) 
of the chemical species involved. The modified Jacobian, with components 
Jn

1JynPi, can be generated by adding and subtracting rates, which is 
computationally easy to do.  (To recover the Jacobian matrix written in 
terms of the rates alone, we divide by the ynPl-)  In the modified nota- 
tion, the diagonal approximation (14) becomes 

. k = (y 
Pk _ y 

Ck)/A kk . (20) 

In order to minimize the computation time, we find as many of the 
gn as possible using (20). As discussed in the Introduction, it is 
expedient to make Iyn

Pk - ynCkl as small as possible. To this end we 
have developed an unorthodox predictor.  While not essential to the code, 
it does increase its efficiency. 

The usual predictor is obtained from an explicit multistep formula. 
But difficulties may arise when y^ is used in equation (8) to obtain 

yC. 

11 



Since the system is stiff, the quantities R1^, tn) from equation 
(4) will often differ in absolute value by many orders of magnitude.  In 
order to finish the integration in a reasonable time, h must become 
large enough so that some of the terms hggR1 become very large. This 
means small errors in yp can become greatly magnified in yc. 

This effect can be reduced by considering the form of equation 
(17) for the final value y .    Using (4) this can be written as 

'n = al Vl + «2 V2 + "5 yn-3 +  h Bl Vl (21^ 

+ h B2 ^n-2 + h B0 F^n, ^   " h 30R^n' ^  ^n' 

We shall derive a formula for y P that follows this general form. 

First, we obtain predicted values for F and R, using the formulas 

Fn = Yj Fn_1 + y2  Fn_2 + Y3 Fn_3 (22) 

p 
R  = Yi R , + Yo R „ + Y, R v • n    1 n-1   2 n-2   '3 n-3 

The quantities YI, Y2J anci Y3 are determined uniquely for any step sizes 
by imposing the condition that the formulas be second order.  For the 

3 (3) 

case of constant step size, the truncation errors are h F   (y, t) and 

3 (3) 

h R  (y,t), neglecting higher order terms. 

Substituting these predicted values into equation (21) , we obtain 

P 
y  =0Ly1 + cuyo + a,7y_ (23) 
^n    l -^n-l   2 ■'n-2        3 ■'n-S v J 

+ h g. y . + h B. y „ + h Bn F
P - h 3nR

P yP . 1 ^n-l     2 /n-2     On      0 n /n 

p 
This equation can be solved for y . 

12 



Neglecting higher order terms, 

4      r31i        '•3-'1       Pi 

y     - y        =    ■ :  n    n i 
1 + h B0  R

1^, tn) 

i Pi 
As h gg ^ becomes large, the accuracy of yn tends to improve.  Of 
course, errors still occur in F^1 and R^1; but, we no longer obtain 
large errors just because h gg ^1 i-5 large.  In fact, in the special 
case where F and R are constant, /n - 7^ = 0- 

After the first few steps, a further heuristic modification is 
made in yP . We define an error term for the predictor by the equation 

c Pi , P2i    Pi, , Pi ,,,,., 
En  = Cyn  - yn )/yn (25) 

P2 where yn is the final accepted predicted value. Then we define a 
weighted average of these errors by 

w 1 = 0.5 E Pl + 0.5 w1 ., (26) 
n       n        n-1 

Finally in the next step we define a modified predictor whose components 
are given by 

?Mi     Pi  ,,    i, /•--•> 
y -,  = y , (1 + w ) . (27) 
'n+l    ■'n+l ^    n -^ 

This modified predictor is used in equation (7) to obtain the corrector 

yc. 'n 

The purpose of this modification is to detect any systematic errors 
in the predictor.  We assume that the accuracy of yP  is similar to the 
accuracy of yS j.  If the errors are not systematic, the fact that (26) 
is a weighted average will tend to minimize any errors introduced by 
the w i. 

n 

13 



The existence of systematic errors in an explicit predictor can be 
shown for the simple case of a single equation Y = - XY, Y (a) = Y . 

q 
P P    v Let y  be given by an explicit multistep formula y =    l       a y . + 

i=l 
q 

h T 3. y . , where h is constant. Assume the values at the previous 
.L,  1 "n-i 
i=l 

steps are known exactly, that is, y _. = Y (t _.) and y  ■ ~ ^^-n^O' 

P  P 
i=l,,..,q. Then (Y(t ) - y )/y is a constant, independent of the 

values for both n and a. This can be seen simply by substitution into 
the above expression. 

In general, we cannot prove that systematic errors occur. However, 
in practice this modification does lead to a noticeable improvement in 
the accuracy of the predictor. 

The key step in the algorithm, the determination of the set of 
indices, L, for which the diagonal approximation (14) is valid, depends 
on a user supplied error tolerance, e.  (Error control is implemented 
on a per step basis.) 

Since h at the start is made quite small, it is reasonable to solve 
for all the gn

i by (14).  Thus, in this version of the code, all indices 
1, 2, ..., N are put into L at the beginning of the integration.   (So 
that the entire Jacobian does not have to be evaluated, the diagonal 
elements, Jn

kk yn
k, are computed in a separate subroutine.) Next we 

define a convergence error, E 1, for each component.  If an absolute 
error criterion is used 

E i = |yC2i - y P2iI ; (28a) 
c   ^n     ^n  ' 

if a relative error criterion is used 

B/^lO-y/21)/^21^;21)! .        (28b) 

where yn
P2 and yn

C2 are found from (17) and (11), respectively.  In 
addition an overall root mean square (rms) convergence error, Ec, is 
defined by 

14 



N 
E = C I  (E/)^)1^ . (29) 

1=1 

C2 
If Ec < e we accept yn ' as our final value for yn. Otherwise the 
Newton method is repeated. Also, if Eci < E/5, the ith index remains 
in L.  Otherwise the corresponding equation is solved using the analogue 
of (16) for subsequent steps. The value e/5 is heuristic; but, it 
expresses the basic idea that very good accuracy is required to continue 
solving an equation by the diagonal approximation. 

Normally, as h increases, the matrix An becomes less diagonally 
dominant. Thus, as the integration proceeds, fewer of the equations are 
solved using (20). However, it is possible for an equation to become 
diagonally dominant during the integration. There is no easy way to 
detect this event when it is solved as part of system (16).  But a crude 
check is made by monitoring Ec. The condition Ec < E/1000 shows extreme 
accuracy, so for the next step all the indices are again placed into L. 
This allows a new determination of the set of equations to be solved 
by the diagonal approximation. 

The last important part of the integrator is the algorithm for con- 
trolling step size. This is based on an estimate of the truncation error 
and on the convergence error E , defined by (29). 

For simplicity, we use the truncation error form for constant step 
size, that is, 

ET
1 = 0.0966 h4 y(-4-)l(t). 

The fourth derivative of Y is approximated by interpolating a fourth 
degree polynomial through the values yn, yn_i, yn-2» yn> 

and Xn-l-  T^e 

fourth derivative is then given by 4! times the leading coefficient of 
this polynomial. An rms value for the fourth derivative is given by 

Y(4)  _/ V  r.C4)i,2/M\ 1/2 
rms .(ji tyt4)V/N\ '' 

We then define hT by the relation 

0.0966 h 4  Y  W     =    e       . (30) 
T    rms 

15 



The quantity h is an upper limit for the next step size. 

The step size also depends on the convergence error E . We define 

hc = hn [1.0 + 0.1 log10 (e/Ec)], (31) 

and take the minimum of the values h„ and h as the next step size h ,. 1     c n+i 

Formula (31) provides for a slow, steady increase in step size. 
This approach helps avoid oscillations in the step size. The value of 
h can increase rapidly only if the predictor and the corrector are in 
very close agreement. 

In summary, the major innovation of the K-integrator is the method 
of solving the system of linear equations associated with the Jacobian. 
By using a diagonal approximation, the effort required for this operation 
can be substantially reduced. To increase the efficiency of this 
procedure, more effort than usual is invested in obtaining an accurate 
predicted value.  A nonorthodox rational predictor is used, with a 
further heuristic modification based on the results obtained in the 
previous steps. The step-size changing algorithm is based on both 
truncation and convergence errors.  It attempts to increase the step 
size by a small amount each step rather than by a large amount every 
several steps. 

III.  COMPARISONS 

The K-integrator has been compared with EPISODE for selected 
problems.  EPISODE can be run with several variants; we use the backward 
differentiation formulas (BDF), suitable for stiff problems, with a 
user supplied Jacobian. 

Some general observations can be made concerning the two integrators. 
First, neither one will be efficient if a problem has eigenvalues near 
the imaginary axis. This area is outside the region of stability for 
the K-corrector (see page 10) and the BDF formulas.  In a problem with 
eigenvalues - 10 + 100 i9 neither method performed adequately.  Such 
examples are not considered further. 

Also, since both programs are variable - step size, they should 
be able to handle discontinuities, by reducing the step size sufficiently, 
This was one of the reasons for developing EPISODE.  This aspect is 
tested by the last three problems. 

V H.  Enright,  T.   C.  Hull,  and B.   Lindberg,  BIT_ 15  (1975),   10. 

16 



There are also important differences. The K-method was developed 
primarily for equations involving chemical reactions. These depend on 
reaction rates, most of which are known only approximately. Also, 
measurements of concentrations of species cannot be done to a very high 
accuracy.  So we normally are satisfied with one or two place accuracy, 
since any further accuracy in solving the equations will not be 
physically meaningful. 

Since the K-integrator is a fixed order method, we expect EPISODE 
to be more efficient at stricter error tolerances, where truncation 
error becomes more important. The treatment of the Jacobian is also 
important. At a stricter error tolerance, more steps will be taken, and 
the Jacobian will not change as much per step.  So EPISODE will in 
general update the Jacobian less frequently and will become more efficient. 

For a given error tolerance, the relative efficiency of the two 
methods is quite problem dependent. EPISODE is more efficient if the 
Jacobian changes slowly. Otherwise, the form of the Jacobian is not 
important. The K-integrator will do better if the Jacobian is diagonally 
dominant.  Since it updates the relevant part of the matrix each step, 
it is not bothered by a rapidly changing Jacobian.  In particular, the 
K-integrator will tend to be more efficient at the start of an integration, 
when h is small and at least some of the Y values change rapidly.  Since 
many stiff problems are integrated until a steady state is attained, 
EPISODE will be more efficient at the end of the integration, when the 
Y values change slowly. 

If the strategies of both the K - and Gear integrators could be 
successfully combined, the result might lead to a more efficient, general, 
stiff O.D.E. algorithm. 

IV.  NUMERICAL RESULTS 

Both the K-integrator and EPISODE have been run for a set of twelve 
problems, given in Appendix A. The results of the comparisons are in 
Tables I through IV. All the runs were made on a CDC 7600 in single 
precision. 

We are interested in the efficiency and accuracy of the methods. 
Efficiency can be measured by the run time.  The times given in the 
tables are the actual times used by the core integrator.  The tables 
also give the number of derivative calls, the number of matrix factor- 
izations, the average dimension of the matrices involved, and the 
total number of integration steps. 

For determining the error, the "correct" answer Y is found using an 
error criterion of 10~^ or 10~1®,  depending on the problem. The error 
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A 

B 

C 

D 

E 

F 

G 

H 

.022 .19 1.21 83 20 6.0 54 

.022 .00 .98 130 39 2.0 56 

.041 .07 12.19 220 28 4.0 117 

.048 .09 17.93 394 152 1.0 178 

E 
K 

E 
K 

E 
K 

E 
K 

E 
K 

E 
K 

-2 
Table I.  Error Tolerance is 10 

RUN      FINAL    MAX      DER      MATRIX AVERAGE NO. OF 
TIME     ERROR    ERROR    CALLS    FAC    DIM     STEPS 

E     .039     .10       .18      75      32     10.0     57 
K     .017     .00       .03      88       0      0.0     43 

E     .002     .01       .01       7       6      4.0      6 
^       **        ***        ** 

.003 .46 .46 18 8 3.0 11 

.008 .00 .00 86 10 1.0 42 

088 .16 .16 251 71 7.0 161 
049 .58 .58 263 62 2.3 130 

.086 .00 .21 128 54 9.0 84 

.079 .00 .01 203 62 5.6 99 

14.604 .12 5.41 4323 1318 26.0 1938 
2.062 .00 3.13 684 254 16.9 318 

E   14.870 
K   10.662 

*See text. 

52 3.20 883 144 64.0 522 
14 3.18 832 278 30.7 412 
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TABLE II.  ERROR TOLERANCE IS 10 4 

RUN      FINAL    MAX      DER      MATRIX AVERAGE NO. OF 
TIME     ERROR    ERROR    CALLS    FAC    DIM     STEPS 

E     .082     .41       .41     179        39   10.0     119 
K     .038     .07       .40     196        0    0.0      97 

B 
E .049 .35 1.90 184 24 6.0 115 
K .039 .08 2.35 236 85 1.6 107 

C 
E .091 .56 13.05 452 70 4.0 248 
K .123 .17 65.10 1012 413 1.0 451 

E     .008     .18 
K     .011     .05 

E     .002     .67 
h K     .016     .00 

E     .134     .85 
K     .094    3.34 

.64 48 15 3.0 28 

.05 108 19 1.6 53 

.67 8 6 4.0 6 

.00 116 34 2.7 57 

.85 369 94 7.0 225 

.34 499 145 1.4 247 

E .152 .00 .27 267 65 9.0 172 
G K .119 .00 .14 288 97 5.8 142 

E   75.586     .00      8.76   15096      7995   26.0    8934 
H K    3.913     .05     10.00    1510       5U4    14.8     726 

E   17.015    2.98     11.22    1337       137   64.0     857 
K   21.911     .80     13.72    2022       638   27.8    1004 
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TABLE III.  ERROR TOLERANCE IS 10 6 

RUN       FINAL    MAX      DER     MATRIX AVERAGE NO. OF 
TIME      ERROR    ERROR    CALLS   FAC    DIM     STEPS 

E    .156      .23        .74    373       42   10.0     231 
K    .106     2.12       2.12    550        0    0.0     274 

E    .111      .07      20.15    416       35    6.0     268 
K    .095     1.20       9.44    606      152    1.6     287 

E    .168      .15       5.49    798       87    4.0     494 
K    .337      .68     166.79   2810     1041    1.0    1318 

E    .014      .59       1.93     88       15    3.0      52 
K    .016      .47        .47    166       39    1.9      80 

E    .005     1.82       1.82     23       9    4.0      14 
h K    .019      .19        .23    116       34    2.7      69 

E    .224     1.06       1.06    613      120    7.0     410 
F K    .225    12.42      12.42   1314      183    1.5     654 

E    .260      .04       1.11    502       79    9.0     310 
G K    .288      .00        .48    728      224    5.9     359 

E  46.046      .00      19.49  10795     4461   26.0    6533 
H K   7.333      .51      29.23   3861      952   12.8    1886 

E  25.651     1.19       7.00   2306      177   64.0    1688 
K 394.610      .71      44.62  15719     6578   43.5    7813 
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TABLE IV. ERROR TOLERANCE IS 10"" 

RUN FINAL MAX DER MATRIX AVERAGE NO. OF 
TIME ERROR ERROR CALLS FAC DIM STEPS 

-1 19.650 .23 3.49 889 208 64.0 525 
20.159 .01 .75 976 367 37.7 457 

13 
E  61.553 
K  28.872 

.43 .43 2214 713 64.0 1376 

.02 .23 2322 907 27.1 901 

14 E 
K 

38.228 
5.695 

.16 

.01 
8.68 1313 455 64.0 808 
2.87 779 250 22.3 361 
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may be absolute ( J  (Y^yV/N)1/2 or relative ( I     ((Y1-y1)/Y1)/N)1/2. 
i=l i=l 

Error is measured at four times, equally spaced on a logarithmic scale 
between the initial step size hn and the final time tf. 

Both methods actually control error on a per step basis. The error 
that we have computed is the global error, which is of more interest to 
the user. The relation between the user supplied local error tolerance 
e and the global error is highly problem dependent. However, a reliable 
code should keep global errors below a bound proportional to the local 
error tolerance, for a given problem. The tables give the error at the 
end time and the maximum error at the four output times. For convenience, 
the errors are given in units of the error tolerance. 

Appendix B gives a listing of the code for the K-integrator for a 
sample problem. The output is given at different times and for different 
error criterions, as described above. 

The first five problems are from an article by Enright, Hull, and 
Lindbergh.  These are part of a larger set of problems, proposed as a 
test set for comparing stiff integrators.  All the systems are small, 
but they show that both methods can handle a variety of types of 
problems.  All the problems are run with an absolute error criterion. 

The K-method is very efficient for problems A and B, because it can 
take advantage of the diagonal dominance of the Jacobians.  In fact, in 
solving problem A no matrix factorizations are performed. 

For problem C, the K-integrator becomes less efficient and less 
accurate at e = 10"^. The difficulty is due to the fact that one 
component becomes very large, on the order of 104.  Since an absolute 
error criterion is being used, extreme accuracy is required.  For this 
type of problem, the lack of higher order formulas in the K-method can 
cause difficulties. 

For problems D and E, EPISODE is more efficient.  The difference 
here is due to EPISODE'S step changing strategy.  Both problems are 
relatively easy, so EPISODE increases the step size rapidly.  The K- 
method has a more conservative algorithm for changing step size, and 
takes many more steps.  However, both programs are extremely fast here. 

_2 
The K-integrator does fail on problem E for e = 10  .  Here the 

problem is caused by the fact that the largest component is of the 
order 10"^.  So a step can be accepted by the integrator even with no 
significant digits in the final y values. As a result, the program 
uses the diagonal approximation too long.  The resulting inaccuracies 
lead to instabilities that do not damp out. 

22 



In general, both methods are efficient and reasonably accurate on 
these problems. However, the K-integrator does experience some diffi- 
culties, due to very large or very small components combined with an 
absolute error criterion, whereas EPISODE does not. 

The remaining systems are chemical reaction problems, and here a 
relative error criterion is used. To prevent control of the step size 
by species whose concentrations have become negligible, an artificial 
formation term of lO"30 is added to y every time the derivative sub- 
routine is called. This is also an easy way of preventing underflow. 

Problem F is a demonstration reaction set proposed by Edelson10. 
It is a simplified version of an atmospheric chemistry problem.  The 
K-method is faster than EPISODE for e = lO"2 and e = lO"4. The problem 
is sufficiently diagonally dominant that the K-integrator can just use 
the diagonal approximation for a good part of the integration, and works 
with fairly small matrixes even near the end of the integration time. 
However, at e = lO"6 its run time is equal to EPISODE, and it is less 
accurate. Again, the K-method will sometimes experience difficulties at 
e = lO"6, due to the lack of higher order formulas. 

Problem G and H are simulations of the chemistry in a gun barrel, 
i.e., under conditions of high temperature and high pressure.  The 
problem is quite stiff. 

Problem G involves nine species.  Both programs are roughly com- 
parable. 

Problem H involves twenty-six species, some of whose concentrations 
are relatively small.  EPISODE experiences major difficulties, due to 
its step size changing strategy. EPISODE attempts to make large changes 
in the step size, on the order of 33%. This leads to instability in 
the minor species. The program cannot meet its error criterion and 
must reduce the step size.  This prevents the step size from increasing 
normally, and the integration takes a very large number of steps.  The 
K-integrator, with changes of 5% to 10%, can increase its step size 
consistently. 

Problem II is an atmospheric model of charge flow under the 
influence of a large electron flux. The electron density starts at a 
high level and decays to zero. The systems consist of 64 species. 
The reactions involved are given by Heimerl and Miles11. 

_2 
At e = 10 , the K-integrator is somewhat faster. However, the 

integrators proceeded in very different ways.  For example, to reach the 
third output time, 3.16 seconds, takes EPISODE 12.4 seconds and the K- 
integrator only 4.5 seconds. 

D.  Edelson,  J.   Chem.  Ed.   52  (1975),   642. 
11 

/. M.  Heimerl and F.  E.  Niles,   "BENCHMARK -76:    Model Computations for 
Disturbed Atmospheric Conditions.     1.    Input Parameters"3  BEL Report 
No.   2022,   Oatober 1977   (ADA U050355). 
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The K-method is extremely efficient at the start of the integration, 
where it works with very small matrixes.  But by the end of the 
integration, the K-integrator is working with fifty-four by fifty-four 
matrixes.  Meanwhile, EPISODE updates the Jacobian about every 3.6 
steps, and is reasonably efficient throughout the integration.  So the 
efficiency of the programs is highly problem dependent. 

At E = 10  , the K-integrator is very slow.  Because of truncation 
error, it cannot increase the step size adequately. 

The remaining three problems involve discontinuities in the driving 
function, that is, the electron density, for the above problem.  The 
discontinuities occur at the powers of 10, starting at 10_° seconds. 
For comparison purposes, the equations are integrated out to a time 
between discontinuities, since the values are somewhat ambiguous at the 
discontinuities. Results are given only for e = 10  . 

12 is a sawtooth driving function. The K-integrator is slightly 
less efficient here. 

13 is a square wave driving function.  The comparison is made at 
5 x 10^ because EPISODE cannot integrate past the discontinuity at 10^. 
Even using the smallest increment possible on a CDC 7600 in single 
precision, the program cannot meet its error criterion. 

-12 
The program enters an infinite loop.  Using a step size of 4 x 10 

it attempts to cross the discontinuity. Failing its convergence tests 
it reduces the step size to 2 x lO"12.  But 103 + 2 x lO"12 = lO3, and 
no progress is made.  It increases the step size to 3 x 10"12, which is 
still too small an increment to register.  Finally, it increases to the 
value 4 x lO"-^2 again. This process repeats indefinitely. 

The reason for this is the way EPISODE determines the step size. 
EPISODE compares the original predictor with the final accepted y value. 
At a discontinuity, the original explicit predictor behaves very badly, 
since it has no information concerning the changed conditions.  The step 
size must be reduced severely to obtain agreement. 

P2 
The K-integrator, however, compares the modified predictor y  with 

the corresponding corrector y^2. The existence of the discontinuity is 
fed in through the Jacobian, and the step size does not have to be 
reduced so far. 

The K-method is also much faster than EPISODE.  At the discontinu- 
ities, where h is reduced, it can use the simpler diagonal approximation 
to solve the equations. 

Problem 14 is a combination of 12 and 13.  The electron density 
forms a series of ramps, alternately increasing and decreasing, but 
starting at the same value at each decade.  So there is a discontinuous 
derivative as well as function. 
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Here EPISODE cannot get past the discontinuity at 1.0 second; so 
the comparison was made at 0.5 second. Not only is the K-method able 
to integrate the problem more rapidly than EPISODE, but it also is 
able to integrate over the entire range of interest, i.e., 104 seconds. 

In conclusion the K-integrator does appear to be comparable to the 
variable-order EPISODE program, at least for the looser error tolerance. 
It can be more efficient, depending on the problem, and permits integra- 
tion over some severe functional discontinuities. 
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APPENDIX A.  SPECIFICATION OF PROBLEMS 

Listed below are the systems of differential equations used in the 
tests.  In all cases the initial time tg = 0. The final time tf and the 
initial step size hg are given. The last four systems are not specified 
in detail because of their complexity. 

A. Linear with real eigenvalues 

Y1 = i5 Y1 Y1(0) = 1   i = 1,2,...,10 

tf = 1     h0 = 10'5 

B. Linear with non-real eigenvalues. 

*1      1      2 Y = -10Y + 25 Y 

'2      1      2 
Y = -25Y - 10 Y 

"3      3 
Y = - 4Y 

'4      4 Y = - Y 

Y5 = - 0.5 Y5 

Y6 = - 0.1 Y6 

tf =20 h0 = 10"
2 

C. Non-linear coupling. 

Y1 = - Y1 + 2 

'7 2        12 
Yz = - 10 Y  + 20 (Y ) 

' ^ ^ 17     2 2 
Y^ = - 40 Y  + 80 [(Y1)  + (Y ) ] 

Y4 = -100 Y4 + 200[(Y1)2 + (Y2)2 + (Y3]2]  Y4(0) = 1 

tf =20 h0 = 10"2 

Y^O) =  l 

Y2(0) =  1 

Y3C0) =  1 

Y4(0) =  1 

Y5(0) -   1 

Y6(0) =   i 

YV) =   1 

Y2(0) =   1 

Y3(0) =   1 
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Non-linear with real eigenvalues, 

E. 

Y1   - - Y1 + 108 Y3 (1 - Y1) YS) = 1 

Y2- - 10 Y2 + 3 x 107 Y3 (1 - Y2) Y2(0) = 0 

Y3 = -?   -Y2 
Y3(0) = 0 

t£ = 
1           h0 = 3.3 x 10"

8 

Non-^ Linear with non-real eigenvalues. 

? - - 7.89xl0"10 Y1 - l.lxlO7 Y1 Y3 Y^O) = 1. 76x10 

Y2  - 
-If)    1          Q 2 3 

7.89x10     Y - 1.13x10 YY Y2(0) = 6 

?  - 7.89xl0"10  Y1 - l.lxlO7 YV5 

3  4         9  2 3 
+ 1.13x10^ Y4 - 1.13x10^ YZY-3 

Y3(0) = 0 

Y4 = l.lxlO7 Y1 Y3 - 1.13xl03 Y4 

tf = 1000     h0 = 5 x 10"5 

Y4(0) - 0 

F. Atmospheric reaction set.  A set of 7 chemical species and 7 reactions. 

t- = 1000 h0 = 10-16 

G. Hot Gas.  A set of 9 chemical species and 57 reactions under high 
temperature and pressure. 

tf = 10"
5 h0 = 10"

15 

H.  Expanded Hot Gas.  A set of 26 chemical species and 227 reactions 
under high temperature and pressure. 

tf = 10~
5 h0 = 10"

15 
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BENCHMARK - 76. A set of 64 chemical species and 498 reactions 
simulating chemistry in the upper atmosphere.  The reactions are 
driven by the electron density. 

1. Relaxation of driving force. 

2. Saw tooth drawing force (discontinuous derivative). 

tf = 5 x 10
3       h0 = 10"10 

3. Square Wave driving force (discontinuous function). 

2 -If) 
tf = 5 x 10        h0 = 10 i 

4. Ramp driving force (discontinuous function and derivative). 

tf = 0.5 h0 = 10"10 
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APPENDIX B.  PROGRAM LISTING 

A listing of the computer code follows. The code is set-up to 
solve problem C, page 27, 

31 



a 

o 

v 

2ZZZ22ZZZZR2Z2Z2ZZZZ22ZZZZZZ2ZZZ222Z2Z2ZZZZ2ZZZZZZZR2Z2ZZ2 

ZZ£ZZZS1SZZZXXZXXZXZZSZXXXXZZZZXXXXZXI.ZXXZZX.XXXXZXXZXXXSX 

M 
IT 

□ 
111 

3 

G 

r 
Ul 

< 

II 
o 
2 

O 
a 

LJJ -c 
Q 

o 
J-. 

< Z >• •   • u 
a; _l • 2 2 •-* 
^J „. I/) O  3 a: 
o 3 

z. « UJ 
U X   X 

LjJ •a. «   o _ o — Ul  UJ X 

^: CO    • X a: ♦    • * 1- 1- t/l ^, ^ >- -^ o H o ^ • l-« •-« Z                 UJ 

i— t— _j *   II 2 < • \ M X X O t/)        X 

3 3 _i nj — X -* -~ ^-i u o i-. z       1- 

a o 3 ~ *   o •—t ^ z ^_ • 1- o 
H a: x fy *  '- u X 3 M    H a a x 01      <      K-.                 U_ 

3 X 
4    >-   V 

UJ 2 2 < O X 
2 — 

'■* 
o o 
X   X 

X  3 »- Ul O 
.iJ  -I ^  2 

II ./) ►— \l   ♦ t~ u lJ o n X  X »-   <  O   3   /I 

O X >- OJ • < iyi 1- ^ UJ  UJ ^1 >  _l »-< Z 

LU UJ to ♦   « Q -> a:   • — o t~ UJ «I t/l O 

a^ X ru « 2 2 O i^ o O ^^ O  UJ  UJ • Z       ;> x <-• 
< h- a OJ *      r-4    O UJ • 1-  2 -• _l x '-t 1- > KT) O  JJ  Ul  UJ  ^1 

i— z 0 *  >-   • 1- X a: U 2 UJ o < u 1   o -* u O  t-t  >          >   Z 

c UJ « r-»  '—   i-H UJ UJ o rst o « UJ _) t- 3 »- ►-• Z  Z UJ 

h- 2 >- *   II 2 c Q >   2 »_t _l — X o O < _) O < I- 4 t- X 

3 <t > « o « >—< 2 * I/) 2 <t « r»j a: • (/I _l < 1-   X    4    H-t            t-H 

a, # ♦  o o X p • U.  2 o ^ «  1- 9 UJ -^ X UJ > O  >  JQ K O 

<t- — I o O Od « •■ X O O O Q. >—« • « 3 e I * < a l/l U) »-» O »-< 

3 o  < LT (Vi QD   ♦   (\J _ 2 »-H 1- • UJ a ,~i i- a >—• u O O _J X t- X U X   UJ 

o rn a: U ♦ ♦   -*  V o Q t-t < 2 U. UJ K UJ UJ R 3 K • UJ —• z t/i (/: < U) Z  Ul <X 1-  I 

— te jj rv m > m i- 2 2 ^- a o X LT, OJ X h- H O  ^ a ^ — • UJ 2 z •—' 1- «-< Cl ~> «i »- 

t- o o 1 _1 X .■\j V >- • — S, \ X *5 »—i t—' X t—1 i—< 3 »- — U- II o X »- i <i H- 2                      X 

^ i- JI Q: a. UJ + * «   o >- r> -* o (/i o: h- -1 i—t h" a: o ^ »- cr u f-" OJ 1    UJ UJ l-H 3 U. U.  U.         U- 

>-« Q, UJ i K a o o OD O OD Z  Ui < t- u h- nj — < * uJ a V G X  X 2 O O O  O U. O 

^ 2 sr, < Ul > ,»  w  o 2 < < < f— Ul cc K »—t t- *. i »- o * ^e u X ■-H \ Z M u               o 
O Z 3 X >- i 1   1    • C h- t- h- 3 z z a H* O 2 CL uJ • < _i • UJ k • N Ui "-• fv ■—• o o o O •    •    •         X 

i 1—1  H-t UJ t/1 II ti II        II       r-" \ \ X a ►-. 3 <* »-* 2 UJ o o o o O  U- c o z: c o 4 vC — 1- It   II tl U; • • • • tAJ O O O    • 3 

< t/)  4 LAJ t- i- I-    1-       It l^ 2 2 2 2 O  2 l- 2 UJ a a: O • (Vl _i • « o 1 (*1 ^ • « — i- tt   X   X X X r-l M l-t —* X z z z o u> o o o o 
Ct Z Z. x z UJ Q Q Q  Q  « 2 o O Q II   II cn I_I II a: a o ,-i 11 u. o n o f\J II it O ^-« UJ < *. o o o |— II M II tl t-   II    II    II   Z   II II It tt e II 
ii HI I— < > N, -v 'V  X.  o UJ z X X Z X II II Q o UJ _« 11 o II   • a 1—1 '-* X X II • t- X (J X X X '- —. -— *• ^ X U   11  ►-» (9 X u n t—< 

^  Y  tiJ _l >-* OJ ro * — I z X X h- l-H   »-l 2 2 2 L) II 2 2 o ■* 2 It >-< •-1 2 M >-. a UJ X  X X 1— i-H OJ ro ^ 1- 1- aJ < "-t X »- U- <1 »H X 

B •-• X > i/) O ■>- •>■ >-   >-   ^H H-t o o o LU O Ci »-< *H UJ II o o UJ Ul — UJ O CC a Q t-j o X O X Ul ul aJ UJ ■■"» *-• ■^ —- UJ — Q   3 X   C t—t c "3 X c 
a O 1- CE < w o o a a >- a u o u (/) « Z 1- X t- >- UJ Q I H iX * •- Q *: •^ 2 >- UJ 3 U- o »-. «-« ^ Mi >- > >- >■ lA z z z z z 2 2 2 2 2 

ouuooouuo OUCJUUUUU ^      u o o a (_)(_) u u 

a 
ID 
O 
3. 
a 

IT -T: 
IT 

32 



3 

'VJ 

a ^ zzzzzzzz^zzzzzzzzzzzzzzzzzzzzzzzrzzzzzz 

■» 

ii 

< 

< 
a; 

* 
i * 

II 

z 

o 

0- 
c 

■c 

X 

2 

3 
o 
a 

n ■ 

< 
o a: 

'->  O  OJ 
a o i— 
u o z 
^^   »-l   1-4 

Q    • 
Z  r- UJ 
O   II   I 
<J I 1- 
UJ 
1/1 4 -I . 
II      -J. 
I- o < • 
u. o u < 

o o m 
oc m 
a: o 
liJ o t- 
►-. i- c 
• o <r> 
o o — 
Z — IT 
■-. ^:   • 
l/l o o 
» UJ    • 

>- I I- 
— (J IS ^ •   • 
a: i- o 
z o z 

o 

Q — 
aJ a. 
x u »-» ** 
l/l o 

UJ UJ z t- 
3 O O U. 
Z U   I 
»-» t- aJ I- 

l I- Z 1/) u> 
' z •-< u u 
. O IT >- t- 
. O Q.   O  X 

UJ 

K  l/l 

z 
3 o 
a: »- 

i- i o 
I o ii 
«M •—* ^« 
o   • o 
o o • 
in i a 
. « UJ 
ji —  • 
w»- M 

UJ 4  X 
K  Z Z 
i-i at — 
a o u. 
» u. •■" 

i 

_   <3    h     II 

i z in i/i 
z » _i _i 
— n _i _i 
»- Ui 4 < 
4  OU U 
o z 
_i  • >£ z 
u. o a: 4 
■v •- T UJ 
— ►.!   I    (C 
•-i Z "* o 
i _ -. o 
Q O * 4 
Z -•O "3 
— l/l I I 
t- •-• >0 
< vO v ^ 
O —I- • 
_1 UJ 4 X 
U. I- I  ■« 
* MCC   > 
o at a <c 
4  3 U. *-• « 

in o 
n -< 

in 

in 
z. 
o 

a 
uj — 
> •» 
z  • 
►-« (\j 

X >il 
>-i a. 

4   II 
z 

z 
u. o 
O >-" 

Q l/l 
4    • 2 
• O UI 

>-• 2 Z 
Z I •-• 
Z >C 3 
— ru 
o   » UJ 
(\J O 13 
in I 4 
• r-# a. 

-C — ul 
—»- > 
UJ 4 4 
H- Z   I 
>-< a. c 
a o -t 

z 
I o •-• 

»-4 **       »- o 
H   (M O 
^   r^ _|   CD 
»    •        4 

— O Z  O 
^ 1\J 
— Ul 
v in 
— a. t- CM in Q 
_ w _ rt — z 
in » o » -♦ » 
o o in o • ^ 
in i in i i- II 

^) ^ v0 —   • 
— I »- o o 
UJ 4 UJ 4 UJ -^ 
t- Z ►- Z  5£ « 
H-* ac i-t ac w 

a o ac o u- o 
s u. s u. *-• o 

2 

>   O 
II      • 
*. o 
K.    II 
— CL. 
o at 

II  IX c 
^ O ( 

a: 1 
o cr i 
in UJ I 
CO -i . 

O U. I 
o « ■ 

in 
■n o o 

^ o 
00 <t> 

z • 
O VJ 
Z ~        -i 
UJ » UJ 
a z      a. 
•v ►-"       — 
— o       • 
— Z II * — 
— I- B 
>- 4 O 
I O X 

— _i a a 
*: u. a UJ 
— X UJ X 
u a « i^ 
>- a: o » 
— u, t x 
— — x in 
♦ K    •  V UJ 
ir o: so ^ 13 
a o — t- z 
ui tn UJ 4 i-t 
II  u t- z i- a. 

ex tx i-« a: z o Q 
ct a a o o i- 2 
Ui UJ   B U.  U l/l UJ 

a- 
o ^ 

o o c 

a 
IS 
o 
a 
a 

in CO 

33 



■-a < 
a. 

N 
?■ lllllllllllllllllliiiiiliiifsffiftiiiiiiifiifiiifsisfiiii 

a 
o 

o 

o no 

— 3 • 
OJ < ^ 
ar • o 
— o — 

— ji x 
^ >< 3 
a 3 « 

u 

o 

X < 

#* < 
cr UJ a 
o _i o 
QC <J *U 
cr i-n- 
LfcJ I-  Z 
►-» a: ►-• : 

n 

o     o a — 
z z »- ^ o 

^ 3 lij 
X z 
i z 

O -I 
LAJ t-" < 
Z t/) u 
» a i-i 
I- UJ ex 
D > -U 
o z 
a ui 3 
OD « z 
3 1     >- <-< 
U) >- < < o 

t ct o 

X — 
z >- 
UJ 
>- z : 
Q. O I 
Ui •-• 
I/) I/) 

z 
a UJ 
UJ i 

o (•) 
.^1 — 

. O        — o 
i a     ■» — 
i »     x K 
• ~        3 3 
to        4-4 

M  —  O  O 
u. o n n 
» o  
 ro a) 
O >-  X  K 
m CC 3 3 
— UJ 4 4 
XO • • 
U.   • — — 
* ~ o o 

— o m rn 
on  
m — ty r^ 
— u. x x 
O _1 3 3 
U.  4  4  4 

3 > 
Z UJ 
UJ i: 

U1 !-• 
U • 
UJ W 
K Z 
a. o 

JJ i- 
_i o 
T Z 
3 3 
O U. 
Q 

IB 
11 Z 
O -• 

X 
UJ O 
-J -I 
S _J 
z o 
M u- 
1/) 

I 
I- u_ 

i <-> a 
| -U 
i      z 
1 z o 

1/1 I/) (/> l/I 
z z z z 

o o a o 

2 o 
»-i m 
I • 
» o 

— z n 

— 1-4 
UJ   X  ^ 
4 ^ (\J 

cc x 
Z 4 4 
O (- l- 
t-< V ^ 
in Z Z 
zoo 
UJ I   i 

!-•   O   O 
Q O U 

I 3 Z 
i a: w 

x a < 
i-i UJ ■ 
o o • 
i-. Z    • 15 UJ I 
•    » — O X ( 

X IB -> -I 
•-. 1  • Z 1 

3 3 3 3 

l-l-»-l-l/)t/ll/:i/) 

.01/ll/ll/imi/'l/>^^r^^ 
.«w xxzz 

z z 

m 4 
ff) x 
4 4 »- »- 
z z 
c o 
i X 
X  X 
o o 

4 O LJ t- Jl 

I X  IB 
i 4 Z 
j a •"• 

IB IB 
I o 

1/1 X 
X   4 
4  O 

O -I 
_J X 
u. o 

O O  ^H . 
»-» r-< X ; 
(B IB 4 ■ 
o o x : 
_l _1  4 I 
4 O   II 
II II   — 

2   Z 

X  X 
4 3 

4 4 •-* »-i 
x x i x in — 
4 o 4 o — »- 
ti n ii n ^ i 
  a 3 
3 3 3 3 O in 
»  •  •  *(A O 

»- I- I- t- II II 

c 
o 

in in  » 
 tn i 

44Q:4ininh-i-oo — ■ 

i in in 
x x 

- 4 4 
i NJ rg 

4 4 
O O 
_J -I 
Li- U. 

Nl Nl 

^ ^ X X 
IB IB 4 • 
o o x : 
_i _i nj i 
rsi IM IM I 

in in 

z z 

X X 
I Nl M 

ininininintno* 

X X 2 z •- t- 
4 4 I-I i-* x a: 
X   1   i   i   3   3 
(*i n n 1*1 in in 
M M Nl IM NJ M 

3 uJ 
_i m 
4 _i 
> 4 

2  « 

L. 
fi * 

•  UJ I      I 
UJ ^n x1 uj 
3 _J = o . 
a 4   •   • 

,  K-  U. •-• ^ ' 
i    •    • £   # 

II    II U O i 
> -vj r»i AJ uJ 
u a II  II 

P  -^  HI r-«  t\j 
i    J   IB U   O 
O 3 O U 

I _1 _l 4 4 

Uj ^ O —i 
II II    II Z   s 
m o o I-I I 
u a. z I II 
u 3 Ui ita 
4 Z i: I X 

X        — 
uJ X   > ^ 
C* *-* X ~} 
• a ui — 

H- V 2 O >- 
♦   —    •   II II 
X i  --< " -^ 
i-i UJ   H   3 3 
Q |3 3 — — 

Z — l\l -i 
»-l    II    _J  rH   -I r-« 
(- -< _l        XX 
II  a  4  3 3 3 
►- 2 O O 4 4 i; 4 i 

UJ 

r 

3 
o 

34 



(7>o^CMi*)-#ir»Cf-oo*o^(\jn-#ir*»r-cDff'0^(\jC)-#ir>or-eoff'O^H(\ii*)-#i^>or^«o>o-^(\jrri.*ji.or^xff'o»^oj(*)-»ir 

9 
a  x a i a; a a: a- ct a a: a a J: 2 a: a a a x i; □: a: cr at a. i a a cc a: a: -t ii i i a: a: i i x a; a J: cr a i a i i ii a   i  i a a   i 
XXZXZZZZZXZXZZZZi:XZZZZXZZXXZZZZZXZZ£ZXZZXZZX2£XX£ZZ.ZZ:££I.Z 

M 

in 
JJ 

Q. 

u 
a 
a. 

3 
o 

c 

o 

o 

X I—  UJ 

•-•        Z _l 

3 

■s „ o oc o <-• _J N 
4- 

n 
UJ 
a •* ^ — i a o a 1—1 u. Q: • X 

UJ UJ _i _J 3 o * U- o * o # < • O 
X 

o 
X 
II 

UJ 
X 

UJ 

iX 

UJ  U. 
o o 
•- O (X 

• II 
o < 
II 1- 

<        X 
1-      ** 
UJ         « 

♦ X t- o     o _l UJ CQ        Q. 
z tn -~ O UJ O UJ »- < to X ♦         I -* * X "3 3 —. — X —  ID 0*     <— ♦ ~        « 
Q   »-. <s ~J a -1 I I— ^ 1- UJ X X        X 
z a N O -i o h- •     cz •    • + +  o * 

x * *-• CL — O X * u.. 1- U. CL O 3 0. < o     • < 
o -^ * ll v ^ X • o ca o o UJ UJ X 1- h- • OJ H 
U   II   -* \ UJ r^- •     u o UJ UJ r-4 N, UJ 
< "3 -« _ ,_! o D l- M 2 O 2   1 • IS> O » 3 X — X UJ 
-y      i o _l 2 (B t- o >- o a o o 1- t- o O Q. X « ♦ «   ♦ 

Jl "3 -> " O • H •a .-. .-.o ■ II >~* —t • • X I £D _l -J 3 
_i m - II X 1- X 2 1 h- Z 1- 1- r-t < 2  2 o O II « 1 < < u 
-i      n ^- a 2 a <l w     <(J II 1- »- — M l( *- X II II    U    II 

■«* O ~3 O O Li. o u. a o a u. a. •-• -1 OJ U.  U- f\j .—t UJ II 3 3 3 3 
<_) O H-. a u Q. UJ 

2 
UJ 
0) 

H-. UJ O 
2 UJ 

h- UJQC: 

< o: < B o ID .X < u o 

X 
N Q. 

a. 

x — 
— 3 Q. 
— t X 
^ a — 
u — o 

I « • 
-■ o ^ 
,x « I 
♦   3 3 
o — O 

a   • \ ♦ 
« _* _ o 
a — a. » 
«  « x rg .\j 
^ a i- < 

— ♦      -c x «   I   I 

x ♦      x a o tj OE. 
l/lkT        lo ♦♦l    +    IIXX 

a-roox*   •ooa.£X'-«o#«« 
•  -xtxri*   -xxtr   •33r^ 

oooax ii a^* ^-toux 
f-    II    II   X   ~  X    II    II    II    II    II    II    II    II    II 
03-<ll    IIQ.ax3fW3333-" 
i2U(Xia.o»-axo4aD<ciuccj 

_l J) • + \J V o *  • * JJ £ < o o u > * X X » 3 u u — ** 
I- 3 < « • \ 

EX 2 X 3 6 —. —, 3 
O   H* c o 3 3 -> u. 
K- H 2 IVj X — — 4 U- 
u o U < « o ♦ 0J ru 3 -I 
M UJ ■a m u u. a a <I 

o a U- Ct • 3 + + ■» ♦ 
UJ o o O r-l •— —t ■-4 o o 
a 1- Z t— t- o PH o o c • 
a ui o u c u P4 <J u o M 

ts ■ 2 X « « 4 3 
LLi    ,/l H o a >—• 3 *, ,-^ n * i—■ 

X   « O JJ iT o 3 <i -> 3 "3 —t 3 
t— UJ a u Z 9 3 Z 

CL a a t- • 3 x—i ft m 
U- o -r _i a: pN < ik D: K « ^-. 
O  K o UJ K- tl 1 + ■♦ 3 II II 

u u X 0 3 3 ~ — < —. j 3 
2 <- i— h- a 3 3 "5 — -) n 
O O <I i—• X — " — M — f* 

t-t UJ 2 2 -i m m o o IT O -» 
h- Lt U1 UJ -J X u. a "> K H 
< a. .—. ud U- 4 3 3 II n — 3 O O 
K * •—• U O < U- a i < ts o 
UJ UJ H 
2   X -i UJ 0^ ao >c 
UJ K < X n tn (fi 
U O U u 

3 
C 
X 
X 
3 

IT 

35 



■a 

9 

>Cf~co9'o~*(\ir')*iji>oh-&()toi-*(vi(n-4'irt^)r~(S&o>H(vjr)'«irtCfk-(n90'*r\jro-*L/)>c^oooso-4(Vjc)-*i/i>cf>-3)o*oi-*r\j 

i 

si 

3 

3 ^ 
-J 
a i 
■< 
til . 

♦ UJ o o a 
•■ U x Z X „ -> u h- 3 CVJ " <I O _l ^ o ^r u. ■« • —• ■Si O Z • ^4 >< u. UJ X a 

JJ 3 ■ X 3 
u < >■ M V •a X ^^ < « 3 n < UJ ^ X N 
ct ru z -1 r> ac o X o uJ 
i— < 

♦ 
'—* < 

c < UJ 
CO 

I- z 
z 

3 
3 

N * ►- X Ln o » » "3 LXJ 

3 
>- 

♦ 
c N aJ > • 

ui   • (fi >- • 3 

♦ * '- -i J t- — viJ z Z  3 » ■1 _» X 
N X ^ < Z Jl => r 3 O JJ NJ ^> ij r 
o 3 — > >~» UJ • h- u •-. t- _ z o z < r\j a 1- 3 i- <: 3 3 X 
3 « ^^ 3: .^ ^ 1—1 UJ ui ■C 1- < a X z X X ^, 
o Z> X o D • o II • jj F-t 3 3 uJ r—( X (fi K o »- 3 
ez a: 

♦ 
3 < >- z a. 

1/) 
tfl < -' "3 

CC 
z o z 

UJ  UJ 
u. 3 * 

UJ 
X 
X 

Z 
c > 

—i ■•* « — Ul DC ►-. u • UJ >— o c 3 UJ o -i uJ _ X UJ u QC 
M -) I >■ CL LiJ H cr z >- z a H l/l > U- -I X ,_, >- 1- uJ H — ♦ a X a < a: UJ 3 »—t • o o « < O UJ < ■w ac u- _J o a f-« — UJ o « a o UJ O X (fi mi r iX u u. « uJ z u _l * 
o "5 Q U => UJ u cr o N o ^ X I <: h- J o o z 4 i 3 

X —■ • I Cl K o r-* I 3 —* it: • u rH S 3 H UJ ^, t/) < 2 3 UJ (_) M o 3 »^ Xi UJ ■H ♦ ►H  UJ Ul m NN •3 • —* — o o 3 ■ i *^ <i K  Ul o I 1-4 -n • » X J> 3 + c —< X I 3 —- X ~-t a I ^. 3 o UJ • _) Z 3 LZ UJ X vO LU • t— 3 X X X X "VJ z 
•c « X n t- ^ "3 Z 1- -J II z 3 UJ u < 9 X • aJ c Z <1 h- >-  3 1— ►- Z X o uJ UJ 4 * ■3 
N Z) 3 < ■ — o < i— 3 X • *« *. — • # X UJ ~4 • LI  _l o ■♦ ^5 * 3 < 4 * > ■jj -n 
N, < < —- U- t-* m t/i  • 1—. •—t o o ^-i -3 — >- —-. Q -~ • o II ^, 0 ^, r—1 ,~. m 4 .^ ►_, • ^-, < K z o i n f) 
ifi M II CL o ll X X o 1- •-< v. a II ■— UJ I ■3 _1 "5 ►- u z -> ~* ^^ 3 II 1—1 UJ UJ Lu UJ  > H- + X (fi II II CL t—i o • UJ o 3 X r^ -d "> 3 a. II o <: o ~) tf) <I 3 o IA <l 3 3 3 X (fl Q Z 3 Uf ■> * 2. u o o • 3 

"3 ■3 D z <i < — 2 o • •3 11 X II < > X N a UJ 3 « • sC > 1 e; + M Z Z J i- a uJ X z ^( 3 3 t~ o CM < — — X o •* II cc -> •-* o —< H m 3 -~ II UJ II II z t- o a -H u_ 3 u IT) i—i 11 <t uJ K- z II Ul ru _J UJ 
_, II ■* II 

m in + _) »—1 m —•. 1 - ■—t II -J (/) ^-i < )£ o it —* ~ 4 i—i -1 _» UJ F4 it 3 3 ^. t- >~ > O 1- It IT —1 9 ■s X z 11 1- ^ 3 
X X i- -!»- "3 2 >- UJ -i UJ II -1 "3 •o iC _l _l O II X II Z z z u i X. J < H i _J _| 
3 3 n < < Q "— O UJ I O O < \- II   o 3 Ui c Li- — — II U- < o a o u. 3 o — o O > t-.  uJ U. X c U- o 3 <. u. X UJ 3 < •a h- u ex D >-■ 1- ^ K a O O *-* 3t Q < 4 CS l-t N CU i: »-• u u. UJ D "3 i/) G -5 IN {_) u >  -X z z Q •a u * * a Q u- 3 X 

UJ 3 > > -1 (X z z 9 z -» Ui li. z n UJ z J^ Jj Z o c -* n OJ r- ^ •* n hi PI z »-* >-H ^H I o < t/1 u m » « u. u. r*! 
a iD K (J ^4 

o u o u o U U U CJ 

3 c 

CVJ 

36 



< 
a. 

« aQcaQca:a:aQ:aaaa:a;aciraa:aca:xira:iraaa:a:j:a:xaa:a:j:a:aa;a:aaj:a:a:aa:a:aa:a3caixia:aa:a; 

o 

3. 

—* 
K 

< 

3 

« 
I 
+ 
II 
a 
z. 
3 
o 
a: 

a 
O 

o 4 3 
a O -I 
♦ ♦ V —, 3 3 
T 1 *   -J 

O OJ O -* r X 
■< N V II 
3 

K < ■■; UJ -3 
r) • — > ~ 
^ OJ X t-.  tr 

NJ X I-  X 
O   ♦ 3 ■tf  3 »- ^ < >  < 
O  -3 — l-«   M 

O 
u 

I o 
liJ o \ 
o O 

> X 

o   • 

o — -^ cc ftj cr o 

I o o o o 

U     -^       •     »      -H    (\J 

ai _j « 
♦ -) z 

. 3 -• O 
J < * Z 
I    II UJ 
txyto 
> O UJ V 
r 2 D — 
J UJ _1 o 
: Q < _i 

* > o 

o   • X UJ 

—   • t- ra   • x 
UJ 

II   • — 11    • • o 

It   UJ 

< a: »- a »- a: i 
a o i 
o a 
o a > 

I — "i T  "3 (-> 

: <o z 
x — 

* z> u. : < •-• 
_j — ii ^- II >" 

u,        U. 
i CO •-•  CO •-• 

>o r^ a) t/) 
X X X OQ 
3 3 o < 
4 <X 4 rsi 
II II II II 
O -- C\J  u 
o o o > 
U U U 4 

tM O 
I o o 

CJ u 

t/1 — 
aa z. < •-• 
rsj x 
it n 
O Nl 

OJ 

a 3 
-I  UJ 
o  • 
x a. 
♦ o 
m cr 
a LX 
UJ UJ 
II *-• 
(X  >- 
(X b. 

X 

UJ 

3      o 
JJ ►- < 
• 4 — 

(X X — -^ I 
O 3 Ul U * 
-t (SU 
(X UJ 4 4 ■ 
UJ Z FSI   II   i 
M M N  h> ■ 
— X     v> ■ 
u. a a UJ i 

D 

u 

• it 
Q  — 
a -y 
■D  — 
Z > 
• UJ 

d *: 

4 H 
■   LTi 

X     ■ 
w >- 
Z t- 

X -I 

4 CO < 
2 t/) 
O Z 

I- z 
»-» ^xJ 
X > ■ 
u UJ : 

r\i OJ      a: 
4- -4- a: a 
■* * o 

a o 
o o a »- 
»- »- UJ 

>■ 

O C JJ .X 
tD O I- 4 
 =) tfl 
^ oj _i in 
• • O Ut 

3 O l^ O 
I UJ UJ   X Ui 

• •42 

■ T O 2 W 
» — tX   4 »-* 
• >■ ac. 
: UJ uJ ex >- 
I 1C — o u 
.    w   w   U.    < 

. u. u.     a 
• f- »-• 2 3 

UJ u 
> o 
UJ 4 

>- OX 
UJ Z *-• 
it — Q 
-^ 1-2 
— 4  — 
3 O f- 

• Wl UJ  X  O  I 

X u.        -^2 1 

♦ * _i \ 
.n <>  .xj 3- 
c x o x 
• UJ  *- UJ 

o    ♦    (- — 
• »-  X t- 

I- _J o a 
O UJ (/) 3 ^ 
• Q (S( (/) II 

X II II is* Z 
Ui t- t~ II  2 
— _j _i a *-i 
U. UJ UJ X  X 
t-t Q Q UJ •-» 

■ U if) 
UJ    » 
— o 
I-   • • 

- x x : 
O •-. ; 

O O  -* Q 

i O ro 

O 

< 
< 

UJ ui 
n x 
-j i- . 

o      NJ r X 4 o < 

OUJ>-X     •»-     • *- 
UJ _r x 4 i- «» ; 
•    • O Z  _i    • i 

t Wl OJ    • »- 
i NI rsj •-• _j i 
I      II        II      -«    UJ     ► 
X X I 

' o X 
O  M 

I ^ Nt 

U    U.    ._!   _1   Li.   U. u. u. 
' •-« X I t- •-• •-* ►-" 

o o 
(B X 

X O - 
V 2 li- 
Q •■ _» 
_J F-» 4 UJ 
O II   II Z> « 
x o o -J — r^ 2 

X -' _J   II -3        t-. 
i   iiocm — o»-» 
I- X   X Z        U. ►- 2 
11   X   11   UJ O  -J O O 
i-xxs(:o4e)o« 

X  3 . 
*   UJ -I 

2  4  I 

UJ 
ui *- t 

«   O UJ 
O Vi . 
X UJ « 

ft   U X  I 

U O O (J u 

3 
O 
a 

37 



Ill 

< 

(7- 

(\J (\J M (\J C\J (XJ (M (\i (\l(\J(\|{>i(XJ(\J(\J<Mf\lfM(\JftJI>JC\JfU 

o^M**)'♦l^^o^"aoff'C'^w<^■♦^^*^fc■*^,0^fy(rl•♦*^l*f^:x,a,? 

i>jM<\j(\it«(y^itu'vi(vi'\iAi'vj'vir>J>i^J'v>vi',J^«''^'v',,J'vl'vl'NirvJ^,lV' 

in 

< 
i- 

< 

» 
I 
♦ 
II 
a 
z 

o 
or 

a 
c 

a 
IT) * 
in — 
• a 

M r 
r-i » 
— in 
N, X 
o • 
Ui o 

O I 

IS z 
O i-" 

Q.        « _l 
I — • 
II X * X 
a it x w 

a. a it u. 
x x I •-' 

Z> 3 
D O 

Ifl 
O UJ  J) 
liJ X 
(- I- o 
in (- 
UJ o o 
3 1/1 <i) 
o - 
ui in o 
a: UJ z e 

M   UJ   I 
— UI »-* I- £ 
x x in   •: 
MI-     i- ■. 
_l        Q-  -J 1 
x j: UJ   • - 
• < 1- I £ 
x UJ m * ; 

. — 2       o 
Z        ul    • I 

I i-t UJ X tTt . 
■ x cr i- 

in 

x a. ^ 
— x — 
U 11 IX 

■ >-> x •- 

— z 
II UJ 
O H 
Z — 
UJ II 
■«: X 

X 
o 

UI o 

z ~> 

Z -I 
o < 
o u 

a. 
i 

z 
m *-• 
«   X 
*  -vj 

a. * u 
x in < 
>>*   • u. 
x o in 
— II ii 
n u u 
a. < « 
X u. u 
a: in i- 

UJ ^ — 
  < r)T-)-3-:      "3 

r     TT i < — 
_        — — — \i\J>--*^~U 
3        I^JD "3 .~~i.XX'-~>_i 
2        XX ^XUJOX— < -i 
.-~03->-5>--5-3-30< = >-— ♦ 
^.-5<< CC UJ<II    ll-SHl*! O 
II—   llll-<OUJMO<ll U— U »- 
-jifi uuoaca i —-3-3 — T'-*'-"-' 

X "3 "3  II   II   II   II   II   II  "3 -3 — a 0. z 
oo ~--r\jo-'.-»cz 11 
^<^)|^->"3~3~3"3"3(\J^M-*   M_l   ♦   O 

M       11 xx—— xxxxx — ic:i- 
iioonoivjMOfxjMOO^oiZ'ZJu- 11 M 
^Q<<<UU_U-(XXQ:4<<4 <t-«3cz 

^-« OJ ro 2 UJ Z 
u 0 u cr cr a: 

3 '- 3 
(S 0 to t~ fti t- 
000 U_   CJ   UJ 
_i _» _i a u a. i « — < — 
nj 4 /> tT    • ^ O •   •   • • t-    • Z 
UJ UJ UJ * UJ '-D 3 • 
O O t5 _;    • o_ •    •    • • t—    • II   O 
0 e> 0 « O  _i  C -3  11 
t- »- 1- 0 1- UJ z •-> - Z 

II »-. O  UJ II ii) ^ a 
z z z * 0 z w *. a 4 — z> 

a X > t- 0 
u. u. u. 3 u. u> u. 3 O UJ UJ z * ^ Ht   C-l   l-l Z 0 y: ex u. 

1 
ill 

Q 

X 

in 
IT 0 IT 0 IT, c HI 
n 4 >* in IT O -c 
<\j ru rvj ru I\l r\j (M 

IT: 
I- 

38 



UJ 
eg 

rvi 

_-.^^.__i^^^^,-y-vjtv,iMrvjM!\j(\jrurvjmmr»i 

XKXXKXKXKKXXXXKXX^XXXXXKKXKKKHX 

in 

UJ 
z 

>- 

< —     —     — 
z ^ Z rt >     — 
r> IB UJ      -< 
o Z a o se      • 
a i-» UJ   • _ . z -. n 

U) o — o -~ »-• ~* —* » 3 -• m o a < o 
II o Q — — i»> i-i • 1- 
K p UJ Nl >~  • ♦ — o 
a M tr   • • ox — iS 
o ^- tfS — m •- — 

x UJ -« O « Q UJ ^H 

t-t I — O < 2 < Z    • 
h. t- UJ — V V — ►I (- 

-o • < z IVJ ro UJ O _l 
K UJ K l/l X X u z  • \ z a UJ Z 2 < < Z « •-i r t- o O 1- 1- UJ -•-5 
r- i- < •-« •I -s N. _l II   — 

3>o:ininzz« ">> 
o m UJZ ZOO UJ 
K Z UJ UJ Z Z *-• m ^ 
aid UJ Z Z Z Z 3 o 
3 UJ ■J) I- -• O O O  II o u. 
i/) _J oaouujitot-t 

I 
o 

JC        I-. ■ 

UJ -I 
< o 

— <J 
IS 

">UJ ^ -*_|r^ Z<UJUJ •• 
— 3    ii    •4*ii<M*as>a    ot- 

TrslZ T— IZ"-"4Z— ZZ—UJJJZ 
^llllt-* ">J«J       —t ^t—******•• OL 
♦   — —t-OfVJ 11   -• "5   II   "5 I- 1 it   it; 3 
^^KZH ZH-I        HZ — ZZZ l-Q 
II O •-• O   HZZOMUUJOO  IIU.U.UJZ 
>cz>u-io_j_i_)o-j_i<oo->>-«>-<a:uj 

o 
to 
l/l 

in 
c\i 

39 



IB < 
a. 

a   _i_i_i_i_j_i_i_i_j_i_i_i_i_i_j_)_i_i_i_i_i_i_i_i_i-j_i_j-i-i-i-i-i-i-J-i-i-'-i-i-J-J-i-i-i-i-i-'-i-'-i-'-'-1-'-'-' 
h-     OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOCOOOOOOOOO 

;>     t_l_^>.l_^|_i_>-1_|_KI-l-H-l-l-l-l-(-l-t->-l-l-l-t->-l-t-l-l-l-l-h-V-l-l-l-l-l->-l-l-l-l-l-l-t-l-l->-l-l-K)-l- 

U1 a. 
UJ        X JJ 

>        QC o 
_l      o a: 
O        li- o (/) 

3 t- 
2         UJ 2 
z      -< uJ 
<     • U- a: 

z <- jj 

zoo u. 
O i-. o u_ 
-. »- X 
I- o o 
t-H  »-   UJ 
Irt -i X V • 
O >- 1- _» z 
0. t/) UJ o 
I     E   UJ Q —. 1—• 

O O U1 o t- 
U I/) o ■ en 1—t 

UJ         < *— ■J) 
o *: u Z X o 

O  Ai X 
3C   4   U > ^~ X 
UJ  X yi • o o 
a      i/i t- <Si ,-t f*l a 
a >- z -1 z — -— UJ 
O OD X o X <* V o 

1       o l/I 3 z UJ 
a v) _i UJ -I • ^ O: 
UJ Z O CE o • UJ 
x o a u ^H «. Q. 
o •-» o >— o H CL z 
_l h- > UJ UJ > o o o 1 

<: cc tf) X » > z 
• < o 3 K _ ^-1 „ X X z * z 

X         O  UJ ^4 < a X — IAJ ► 1- • 
»-• I/) UJ Z 2 z ■— S • — t/1 » r-l o 1  
U. X       o < >- C\J a uo X o II => o ^ 

tr u. o X QO <. _l z K > it 
>- c o X UJ z < a < o o • c CL »-^ "— 
CC  Lu         IS) c o o t- 11 11 UJ • .—• > ■• X  < 

at x - (-> 3 N. OL ^« ■M X o II t—t »-( o h- II — 
O UJ UJ < t- t/1 z UJ X X h- M ►—t It X • o "3 t/) 
UJ Q. 1- O 1 z o tD X o > XI 
-I        U) Z z Ui X UJ in tf) X o ^-4 *—i 00 II »-1 OJ < 
_J _J > -» UJ '^ I I t- X CO X X — c& a rsj 
< O U) >- X <i o z <: < o X o X o »-• II O   II 
U l/>       o »- X o o c-1 M rsj u UJ c t—t o X ^ Q 1- 

1-  Uf > ct 
<   X   -H u. u. uJ ^H 

X 1- Q. o o a. 

111 y- ^ 
c c x 
H h~ a 
o O ■■H -> (fi CD X 

X 
■3 

n — < •> »- o z »- r-i * 
o O Z O w h- ^- 
-* > ^ tm. X C 1 > <l « — + z 

1 rt *- »—* UJ >- l-l N • > — —. 
n a t- Z n c ll • O  X z »—■ — X z >—< •—< ^ 

o » "3 > — h- ,^-i > + • (—i i—> • • X i—i o         -< 
UJ ^ o > z I- f~ c ♦ a ■c z a ♦ UJ 
o O  UJ t-H 1 II ^ ^   < t— a O > K a ►-. II ♦ X 1 n "3 ■> z < o o n ^ 
z a. 3 t-H ♦ ♦ I_I ii n > II t—• o * t-t *-> i—. i—i — X "3 "3 -) ♦ ii z n ^ — 

I— X o 4 * _ -3 I-H ^. ,-, X >--i n X > Z   II it — 1- « ♦ II ~J — •—• a         UJ 
II t- Z Z -* ■—. "3 V t_t "3 .—' a. O i—i II   X n i—< < 1— z r- l-H X -a >—> 1- O O t- 
o -> z II 11 II ll < •—• "> it *- ** X M a t-H I II 11 X II i—i z i »- ►-« 
M    || o u. u. >—i -> o I—1 T 11 — — t- X X u. II l—l   1-4 o X 11 U_ -> o 1—1 "J "3 — o X o X 
□0 3 u •-• "> Q »-< "> 1— < < ►-. M •-• M a t-t   l-t a »—t 1- *-* T Q '"* 1 "3 < u UJ ^)   * 

z a; i-  ■- 

o o o o a o 

IB 
3 

40 



IS 

■vj 

3> 

_)J_l_l_l_l_IJ_l_J_l_l_l_J_l_l_l_l_l_l-l-l-l-l-l-l-l-J-l-l-l-l-J->-l 
ooooooooooooooooooooooooooooooooooo 
u)(/)i/)t/)t/)(/>i/)(/)(/)(/)t/)(/>j)t/)Ln(/ii/it/)t/)c/>(/)(/)tn(/)cA(/)t/iu)t/></)(/)(/i(/i(/>(/) 
»->-t-t->-l-t-l->-l-h-l-l->-t-l-t-t->-»-t->-t-(-t-l-(-t-l-l-l-l-l-l-t- 

XZZZZZZ.XZZZXZXXXZZZZXZZXZXXXZXZZZXX 

o 
J) UJ »- >- 
<I o 
X z. 

r> < 1- 
X o _l 3 « OC 3 »- 

1 m ts »— 
♦ 3  2 i- 

II Ul -■ ^1 
o in X 
z 3 
n t^ [/I 
o *   M 
B 4 *; 

4   U> o _* 4   Z < 
n 4    O cc 
i- O •-• 
Q. X 1- >- 
O O < n 

— Ol i 

-■ z 
II I- -IJ 

o: < K 
o z in 
a: » >- 
a: 3 m 
UJ ft. 

z Ui 
a. z 
3 i- 

«         a. z 
a. z      - - _(             »-. •     < < 

»            — a.      i z v «                 -.,!_,.-._ |    — 
||           Z'-N.ll'-l-J >-■ « 
t-i         l*«->*— 4*- 

„ „ ►_ „     -5> z> 
-. in ♦ »  n ~ in n II 

.      z z >- ■-• 
O- I     • 4 Z Z        Z 
rt        O 3 ~ I   i-i • 
» •-■•-•-JZ •-"•' — — 

<7 4IIZ«lu4< II M 
-H       Z"3i-'->3Z>.'0'-'  

—  ♦ — ZZ*!-^       >-<-5VZ 
^_l„^-.^co<^t'-''-tii      o ii a 

i_„2^,>-r-.M_     >_ _ M  i M _ II -.  i   HI-II—caix< — ^ 
2        IIUi-»ll        i-»OZIIt-«llt-tw>-"3       l-"32t-ti-<l-       ►-i2~>l-( 
iioa.»-'a<oa.^-iiz^'3iiu-iizoiizozvooiin—UJ 
_lclwM«>Q-5>««>i-ii-iMi-i-iDi-i-icji-i>-<ao-5-3»a:i 

i m Jl X 

in 

41 



a. 

tMi»)-*m»or-(Ei»o-"(vim-»ln,or-«) 

zzzzzzzzzzzzzzzzz 
ooooooooooooooooo 
UUUUUUUUUUUUUUUUL) 

•* 
z 

Z l/> 
O I- 

o z 
z « 
ac • 
I- < 

I- 

X » in a 
t- »-• UJ U t- 

N H- UJ 
V O 1- o * 

1 
Q. 
O 

1- t-» 
u. 

V 

♦ X J) 
II I- m ■n 
o O z -• a. 
z M UJ a. 
o • •-•-I z> 
o a u < V 
a: Q. 

I U. X 
a. 
3 ^ It o 1 

II a. UJ z m 
t~ I o > a. 
a. O -J 3 
c t- 

z 
o 
u 

o 
UJ a 
z 
»- UJ 

a 
(\J 3 

>c •        UJ ru *   i 
r- IxJ if in a a. • * a 
v z a UJ o 0. a. IM • a 3 
■c *-• X t- UJ i 3 * a => i 
r~ 1- 3 Q ♦ 1 * a. • a 

3 > a. a. a a ZJ a D 
o ai x I a. x a. 3  H 3 — 
d O 1- X II 3 H V) H  — 
CD O U X   H a 11 Ul 0. 1-   H 
D UJ     sa a. o a a UJ O 
W) -It- OOOSSOOM 

-JZ u. 
t- < o 
z u o < 
o 
o 

UJ UJ 
a a 

a in 
a. a 3 3       — 
»   V — l- 
a — K UJ 
3 a. UJ a 
— 3 o » 
v i ♦ in 
M o a a. 
* 3 3 a. 
• ♦ — 3 o o v — 
3 3 O X Z 
 3 a. a 
n — n 3 3 
a. H a. II >- a 
o -H -^ (vi UJ z 
hg N rsj N a: UJ 

3 
O 
a 
a> 
3 
in 

42 



a. 

fufO-*U)<or^cooor^(\j(n 

»-i-»-»-»-i-i-i-i->-i-t- 
aacoaaaaaooa 
a.a.a.a.aaa.a.a.a.aa 

in 

3 

a: 
O 

o 

u.        XX 
I r 

3 1.1 H x x 
o o 2 I X 
cr u bJ •~~ — 

4 \ 
^-i o u a. — 
II o a —, 
H u n- I X 
X ta. • -* a. 
c a UJ a v I OJ 

h- o ♦ o 
a o o ^- a o 

,,  a. z. a. X    1 
4) UJ 1  X ♦ -< o o o 
K UJ i: X ♦ I o o o o 
V 2 X t- u X — u o u u 
£ i *- «    1   X «   * 
r^ I— in IB « I o o rf M 

3 > a 2 I 1    •   • o o z 
C X 2 — ^ -. o o X 
a t—i I-   II II II II II II 3 
a; a u U (\J -* O O ^ (VJ 1- a 
3 UJ •- o o o o o o UJ z 
in-jioooooou a. UJ 

_i UJ 
x <i CJ X 
1- u X X 

3 
O 

3 
in 

43 



CO 
I* 

(vjf*>'#iii'*)i^*o*o^HOjr*)-*ji*h-X£>o»^oj(*)-*i/i^h-ao£^Of-i(U(*)-*tp«OKcoffoi-«(\if')-*irvOr-« 

UiUjUJUJUJUJUJlUUJUJUJUJllJUiUJ^JUJUJLlJuJuiUJUJUJLjUUiUJUJUJUJUJLlJUJUJUJUlUJliJUJlAiUJixJllJLAjLlJUJUJ 
0OO0Q0Q000QC100C1OO3QOOQC10QQOQQOC1Q000OQOQOO0QOQO0 

ill 

z 
111 
I 

-1 

< 

CD 
O 

< 
"3 

llj 
-J 

QC <j) o -* >- X • 
t- 'jj z nj * z O Q. > >- w 4 U OJ \ »-• 1—t *  >- •—i < ►- « t- X CM   ♦ CE "3 (^ 

1 < — z >- ^ o 
+ =»• => +  >- -> O J 

*l J -• * =£ xl £ 
Q J: 4 ^ > ^ -) •— <—i 

Z UJ — >- ~> >- • > Ik h- 
3 O O  LU 2 • #     r^   — D M 

3 *-, ^1  * • Ul r-t   >    » UJ o l- 

a >- 
a. 

c 
UJ 

—    » X X 
i-. UJ 

UJ > «   *   o u 
o 
I 

2 
UJ 

m -* IT 

_, UJ tr a o a o 1—1 •   • o i—■ :r o o o o 
II o UJ n ff 2 *- O O  OJ Q _i a e i- t~ K 
►- Q 3 Q     • •■   » < (\J 00   ♦ O < 3 in o O ^-4 OJ O .—1 PJ fi 

a. >- UJ O • o X o > ♦ ♦ ^ X •* 2 u (0 ,-* (P > V CD >- >- > 
o i-t UJ — m H- K O nj m > (V n >- C X I c — > ■^ * « — 6 o « 

a. _J a o •* o •-* B • >- >- * -1 >- V * O UJ >- 9 rv. AJ n 
u a. m x 2 2 LU rvj « «    • < 4 * o •a X a o • --i • > > ■ 5- > > 
a a UJ — \ V X. a ♦ •   • o 2 e o • ■—■ ̂ - z z c H >- t- * o 1- 4 4 4 

■c • 3 X >- w n ^* r~* o o o p^ CD O * a e O • » (0 _l « -i • • -1 • • • ^H 

r- UJ ^ wi t- CD CD GO UJ > ~ * ~* ♦ o m ^H o o o z ^ —* —- o • • » o o • O o o ♦ 
■v z fr Z < 4 4 X 4 1  1   1 a (-J 4 >- -» UJ u. >— II II -> • c Ifl sD o o O u 
^C ^, z a i/i C H t-  t- II II  II  II Ui < •—i 1 1 1 1 «i lu t—> -J • o LU t\j •* en —« —' -* -» <* ^ UJ <t 

t- H i-iJ UJ ►-« x. \ V „. ^. ^. — »- #»*■»«■■ Q -> o II II II II "3 O o 3 II 13 <* II •* II II ** II II II 3 "5 
3 V (/) K W 2 2 2 ^, CM fl ^ M nj m -* z 2 —. ** —- —« z UJ o o UJ — Z > — >■ ■^ —~ >- —■ — — Z Z Z 
c X Z3 3 z o O O LU II K >- Iftl aj n ■4 a: > UJ M o o • -> aJ Lu cv aJ OJ m II   X 

CL a. UJ z X X >" > >■ >- I >■ >  V  > a: O B X m » m m o a: X 3 lA Ifl i—i » t- i<: • It • • Jt • » • l— U 3 

X o IA i X X X X II II H n t- ac :r a  Q: UJ t- »- K P-4 aj n -* H t- H- —■ M 2 ■«*, OJ —' n fO — -* ^t ^ 2 4 t- a 
r> ui •-» o •-• o o o Od t*> •* UJ UJ UJ UJ O U) z UJ z (B o O U- o lu U- u. o ~y UJ 2 

t/i _i u o o u u V > >->-Q0CQO2a:ujQ x » * x a. UJ o 2 Q o '-, 
X O l-H * W 

x 3 ^-, -» X M o 2 X UJ 

o 

UJ 
.z 

o 
a. 
a a 
en 

44 



Z 

3- 

Z 
o 
1/1 

JJIUJ-J-IJ-I-I-I-I-J-I-I-I-I-I-I-I-I-I-J-I 
OOOOOOOOOOOZZZ.ZZZZZ2ZZZ2ZZZ2ZZZZZZ 
OO'JtDl5<50O0t5tSt-»-^HI-KI-KI->-^t->-l-Kt-»-»-t-t-Ht-t- 

' _   U_   U_   U    U    Lv   U    It.   U- 
I     I      I     I      I      I      I     I      I 

_       J_J_1_I_1_1_I_I_I 

-J_|_JJ_l_l_l_J_IJ_IU.ltU.U.U.U.U-U.U.li-U.U.I 

►-*      r^ 

r 
t- 

z 

o 
CVl        i 

« 
o 
a 
a 

o x v 
z   •   • 

^ v >^        >v UJ U O   tl U    11 tl    It    II II II  »- 
— m -t     nj _J ••■-I>-II^I-III«_II-II      I ii oi/i 
(noca     to o a._i-croi/)3a.>-i-'-'a;iio* 2 ■? • A! 
«<t<i-4 i/ii-x     (-oa)t-'-iio<in3u.iiJ<J<->oj;      ►»<«►""•>■ 
i-»_i-z>-^j<>-zi-o:(/)U-OZXOi-i-a:Q:i-QKi~ooo.ai/)i/)000 
V'VV>-iva>-i<OOUJV>sV0DOUJ_IIOOUiO33-l-JXO>>t-l->- 

^     xu-ioo-o ooii.u.i»-U.ii.o^ooo«iuinininxx>< 

« i 
O fr- 
I 

o o 
o U- 
o 
o a 
• z 

a u i- sD UJ 
t- u Ul 4 X I OL 
■-• Q. aJ -J X ^D •—" o 
ix a I _J •* t~- a: 
U 3 •-• < Ik ^t a. 

►- <-) o o _J JJ 

a: UJ • < 
a r z i«: • —' z 

45 



♦ 

-» 

111 

/I 

-1 
_l o      r\j 

o 
I 

x 
o 

X 

LU 

CD 

? o 
o —1 

1(1 
:n (•) z E 
UJ J- 

<      ^-1      ^« 

Jl 
IT 

(-1 r-l C 
1- -• Cl 

z 

6 (\_ 
SI 

a 11 
UJ 

n UJ 

a I- 
3 »- 
UJ s z *- 3 

o: 

tC       z 

to 

UJ 
■* I 
O I- 
I 

uj a. 
o o 
o u. 
o 
o o 
• z 

ii 
a. 

» UJ 
n a 
cr a 
o 3 

,-. o -* (\J I 
1 o o t~ 

uj 1 1 
o * UJ UJ IX 
o r^ ^D o o 
+ CO o- o u. 

UJ c r-H o 
c eu o O » >o • • z 
o ■c — 3 
tfl O 
X II T 
0- n II 
■£ UJ IX 
X I a »- UJ 
X o »-t a. 
■* 1- 3: ix a. 
■c or (J 3 
o _1 UJ • < a UJ ** z a: i 

X X 
O h- 

1 o 
jj a. 1 
o o LlJ 

O L. O 

o o 3 

O Q tM ^-, 
• z Si r- 

M a. 
ex a 
O 3 

it 

46 



If) 

o -» n » 0- 

rvj 

II o i^ 
o 1^ 

CO 4 <» 
rvj 

HOC 
O ^D 

-1        JJ        X 

U -• -H 

o 
I 

J3 

O X 
-•        (VI 

N 

HJ 

< ~.       —. 
Ul o 
JJ ♦ 
O II         UJ 
U 4 
4 2        4 

< 

*     **     ** 
rn X ♦ 
o O II UJ 
i O r^- 

u- <* z 4J 
o ~> o O 
o o 
o n * 
^H z • UJ o 

X rvj 

4 Q ;> 

1-4 4^ 

in 

a. 
UJ 

in 

-l < 

jj 
N 

V) 

a 

M    F4    n 

« I z n o 4 •» I 
o >- 

1 
rvj 
o 

o 1 
UJ 

o 
1 

o t- 
1 

C\J 
O 

UJ   X i L0 o UJ UJ X 1 
o o UJ X o N (\J o O UJ 
CT  U. o UJ + N a- o u. o 
o o r^ J' UJ -» o o 
o a o tv r c\i • in o a o 
• 2 4 rvj » 4 • • z cr 

— 3 • « 3 • 
O If! X a- O ^-t 

(C ■-4 r- II CD 
II II cr -o ii II 

a (1 t- M U tx II 
1- UJ Wl < » I a t- UJ 
•-• a LU -1 1 Jl e •-. a UJ 
a: a r -1 O 1- X x. a. X 
O 3 < u. * X O 3 

K o o m _J 111 »- 
X UJ • < (X UJ 
x r H it • ** z a r z 
UJ t- 13 cr e M UJ 1- =1 

at I z U- or 

rvj 
o o 
• z 

O 
nr 

II 
a 

I- UJ -. a. 
x a 
o 3 
a UJ 
X X 

O -^ UJ 

c 

a; I 
o *- 

I 
UJ X 
o o 
O Lv 
o 
c C 
• Z 

-• 3 

"-H X 
x a 
(J 3 

47 



SI 

♦ 

I 

O 

o 

O 

M 
0 
O 
1 /> 

z. 

X 
O u 
o 
<t ^ ^ a 

IT 

«      u,      rvo 

•I 

XI 
X. 

C 

Ml 

O 

o [\] ^. 
I t—< 

(1 II X 
■1 ii H 

t- u- in < 
M 1 AJ -» X 
i a. i _t 
O 3 <i li. 

H u O 
a jj 
i X ^ *; • 
UJ h- =1 a: o 

1 2 z 

« ^        X 

i^     -•     c 

-* X z 
O 1- r^ o 

1 o »—» 
jj X 1 JI 
o o UJ i 
o b. c JJ 

o o fl > 
o o 3 ^t ^ 
• z t (M *—< 

— 3 • 
O X x 
ir i—i 

it II X 
X II 1- 

1- LU c/l «J 
-> a Jj _1 T 
x a 1 ^1 
U 3 IMI < u. 

l- u O 
X   UJ 
x r ^ i: • 
UJ 1- 3 a O 

X z r 

►-.£-. 

-n 

•* I X »- u. Ul <1 
r^ o •-t X ^ —1 5: » l- x X  X X _) <> a U 3 HM <I k 
a _) UJ H- o c • <i X   LU 
,—i z X   I Z ^1 • 

1—t \xi y- 3 X o 
u. X z z 

-I 

X 
o 

Jj   X 

•-   X 
X   X 



N 
(VJ « 
J3 ;»■ 

(V XI 
m * » 

J 
II       o       » 

X 

UJ 

9 

* 

■o 

> > 

o 
I 

< m • 
u 0> m 

z • 
4 iv 
UJ o 

f) X ♦ 
o o 11 UJ 

1 u .1 
UJ < 2 * ° -} O (*) 
o M h- 

J & 

3- 

■J- 
m 

X C7- 
o- » o 5- 

r^ in 
in o- UJ n 
t-* w • 
UJ ir 
N II UJ »-• > o 
in in <t o 

_i • 
a _l UJ 

in 

UJ 

CO 

(\j     or 

II       cr 

a. _i u) 
UJ < a 
i- o M 
in i 

UJ o 
_l > 1^ =0 < tf 0> »-< 1- >* a 
i- < » •-. > a- 
z ►- o •-« 01 II o 

UJ ^ 
2 r^ O « I 2 r- O r- -* I 

o c + O 1- .-H O ♦ o O 1- 
o UJ 1 o Ul i 1 
♦ in o o uJ a: i in o O UJ ui n. 
UJ J: o O o a Ul a o o X o o 
3> UJ ♦ o o u. o Ul ♦ o o o u. 
^-t r- > UJ o o o ru > UJ o o o 
n P4 z CT • o O IT cc z r- • ^ o o 

HI PI l\J • • 2 1^ m ru ru • • z • -* O* o -• 3 • p4 cr 9 " o 
X K O n x: i- o 
M J II CD i—■ o- ll r 

n a: J- II II II or o II II 
n i- l^ Ul BE ll i- o- UJ a 

in < O- I o: >~   UJ in < o- I a: (- UJ 
UJ -J I J- »-' o i-i Q. UJ -J X 9 o « a. 
I _i ct 1- cc cc a. X _i o- ^- a. iz a. < u o oc O 3 t-t < u tr a. <J 3 ^- o o l> • _1 < UJ 

m uj 
t- u o a- • _l < UJ 

ac UJ 
z i: • rl z a i z v: • ^H z 3 X 
r> a o •-H UJ K =1 a o i—t UJ 1- 
a: X z u a X z u 

i-     a     ui 
<     o-     x 
x        »■       " 

(\j I 
o \- 

1 
(XJ 
o 

UJ a 1 
o o LJJ 
o u. o 
o o m 
o a o X 
• 2 r- 

-t 3 • 
o IT 
X 

It n 
X n 

1-  UJ in 
►-. a UJ _j 
a. a I _i 
U 3 •-• <5 

^        Ch 

z 
c 

~H      *-<      r^ 

49 



DISTRIBUTION LIST 

No. of 
Copies 

12 

Organization 

Commander 
Defense Technical Info Center 
ATTN:  DDC-DDA 
Cameron Station 
Alexandria, VA 22314 

Commander 
US Army Materiel Development 

and Readiness Command 
ATTN:  DRCDMD-ST 
5001 Eisenhower Avenue 
Alexandria,  VA 22333 

Commander 
US Army Armament Research 

and Development Command 
ATTN:  DRDAR-TSS 
Dover, NJ 07801 

Commander 
US Army Armament Materiel 

Readiness Command 
ATTN:  DRSAR-LEP-L, Tech Lib 
Rock Island, IL 61299 

Director 
US Army ARRADCOM 
Benet Weapons Laboratory 
ATTN:  DRDAR-LCB-TL 
Watervliet, NY 12189 

Commander 
US Army Aviation Research 

and Development Command 
ATTN:  DRSAV-E 
P.O. Box 209 
St. Louis, MO 63166 

Director 
US Army Air Mobility Research 

and Development Laboratory 
Ames Research Center 
Moffett Field, CA 94035 

No. of 
Copies Organization 

Commander 
US Army Communications Rsch 

and Development Command 
ATTN: DRDCO-PPA-SA 
Fort Monmouth, NJ 07703 

Commander 
US Army Electronics Research 

and Development Command 
Technical Support Activity 
ATTN:  DELSD-L 
Fort Monmouth, NJ 07703 

Director 
US Army Electronics Command 
Atmospheric Sciences Laboratory 
ATTN:  M.G. Heaps 
White Sands Missile Range, 
NM 88002 

Commander 
US Army Missile Command 
ATTN:  DRDMI-R 

DRDMI-YDL 
Redstone Arsenal, AL 35809 

Commander 
US Army Tank Automotive 

Research § Development Command 
ATTN:  DRDTA-UL 
Warren, MI 48090 

Commander 
US Army Research Office 
ATTN:  J. Chandra 

D. Squire 
R. Inntz 

P.O. Box 12211 
Research Triangle Park, 
NC 27709 

51 



DISTRIBUTION LIST 

No. of 
Copies 

1 

Organization 
No. of 
Copies Organization 

Director 
US Army TRADOC Systems Analysis 

Activity 
ATTN: ATAA-SL, Tech Lib 
White Sands Missile Range 
NM 88002 

Commander 
Naval Research Laboratory 
ATTN: W. Ali 

D. Strobel 
J. Brown, Code 7700 
E. Oran, Code 6020 
Tech Lib, Code 2020 

Washington, DC 20375 

AFGL (LKB, J. Paulson, 
K. Champion, 
W. Swider) 

Hanscom AFB, MA 01731 

Director 
National Bureau of Standards 
US Department of Commerce 
ATTN:  R.F. Hampson 

R. Kraft, Div 205.01 
Washington, DC 20234 

Lockheed Palo Alto Rsch Lab 
ATTN:  J. Reagan 

R. Sears 
Tech Info Ctr 

3521 Hanover Street 
Palo Alto, CA 94304 

Director 
National Aeronautics and 

Space Administration 
Goddard Space Flight Center 
ATTN:  R. Goldberg 

(Code 912) 
Greenbelt, MD 20771 

1 Bell Laboratories 
ATTN: D. Edelson 
Murray Hill, NJ 07974 

1 Boeing Computer Services, Inc. 
Energy Technology Applications 
ATTN:  K.W. Neves 
P.O. Box 24346 
Seattle, WA 98124 

1 General Electric Company 
Valley Forge Space Technology 

Center 
ATTN: M. Bortner 
P.O. Box 8555 
Philadelphia, PA 19101 

1 General Electric Company 
Flight Propulsion Division 
ATTN:  Tech Lib 
Cincinnati, OH 45215 

1 Hercules Incorporated 
Alleghany Ballistic Lab 
ATTN:  Tech Lib 
Cumberland, MD 21501 

1 Mission Research Corporation 
ATTN:  M. Scheibe 
735 State Street 
P.O. Drawer 719 
Santa Barbara, CA 93102 

1 Pacific-Sierra Research Corp. 
ATTN:  E. Fields 
1456 Cloverfield Blvd 
Santa Moni> a, CA 904U4 

1  Paul Gough Associates, Inc. 
ATTN:  P.S. Gough 
P.O. Box 1614 
Portsmouth, NH 03801 

1 Physics International Company 
2700 Merced Street 
Leandro, CA 04577 

52 



DISTRIBUTION LIST 

No. of 
Copies Organization 

No. of 
Copies 

R^D Associates 
ATTN:  F. Gilmore 
P.O. Box 9695 
Marina Del Rey, CA 90291 

Science Applications, Inc. 
ATTN:  R.B. Edelman 
23146 Cumorah Crest 
Woodland Hills, CA 91364 

SRI International 
ATTN: J. Peterson 

D. Golden 
Tech Lib 

333 Ravenswood Avenue 
Menlo Park, CA 94025 

Thiokol Corporation 
Huntsville Division 
ATTN:  D. Flanigan 

Tech Lib 
Huntsville, AL 35807 

Battelle Memorial Institute 
ATTN: Tech Lib 
505 King Avenue 
Columbus, OH 43201 

Brigham Young University 
Dept of Chemical Engineering 
ATTN:  R. Coates 
Provo, UT 84601 

Georgia Institute of Tech 
School Of Aerospace Engrg 
ATTN:  B.T. Zinn 
Atlanta, GA 30332 

Institute of Gas Technology 
ATTN:  D. Gidaspow 
3424 S. State Street 
Chicago, IL 60616 

Organization 

Johns Hopkins University/APL 
Chemical Propulsion Info Agency 
ATTN:  T. Christian 
Johns Hopkins Road 
Laurel, MD 20810 

Massachusetts Institute of 
Technology 

Dept of Mechanical Engineering 
ATTN:  T. Toong 
Cambridge, MA 02139 

Director 
Graduate Center of Applied Science 
New York University 
ATTN:  M. Summerfield 
26-36 Stuyvesant 
New York, NY 10003 

Oregon State University 
Department of Mathematics 
ATTN:  D.C. Jespersen 
Corvallis, OR 97331 

Pennsylvania State University 
Dept of Mechanical Engineering 
ATTN:  K. Kuo 
University Park, PA 16801 

Princeton University 
Forrestal Campus Library 
ATTN:  L. Caveny 

Tech Lib 
P.O. Box 710 
Princeton, NJ 08540 

Purdue University 
Indianapolis Regional Campus 
ATTN:  J.M. Gersting 
1201 East 38th Street 
Indianapolis, IN 46205 

53 



DISTRIBUTION LIST 

No. of 
Copies Organization 

Purdue Unviersity 
School o£ Mechanical Engrg 
ATTN: J. Osbom 

S.N.B. Murthy 
TSPC Chaffee Hall 
West Lafayette, IN 47906 

University of California 
Electrical Engineering and 

Computer Science Dept 
ATTN:  W. Kahan 
567 Evans Hall 
Berkeley, CA 94720 

University of California 
ATTN:  A.C. Hindmarsh, L-310 
Lawrence Livermore Laboratory 
P.O. Box 808 
Livermore, CA 94550 

University of California, 
San Diego 

AMES Department 
ATTN: P. Williams 
P.O. Box 109 
La Jolla, CA 92037 

University of Illinois 
Dept of Aeronautical Engrg 
ATTN: H. Krier 
Transportation Bldg, Rm 105 
Urbana, IL 61801 

University of Illinois 
Dept of Electrical Engineering 
ATTN:  C. Sechrist, Jr. 
Urbana-Champaign Campus 
Urbana, IL 61801 

University of Wisconsin 
Dept of Chemical Engineering 
ATTN:  J.R. Bowen 
1415 Johnson Drive 
Madison, WI  53706 

No. of 
Copies Organization 

University of Wisconsin - Madison 
Mathematics Research Center 
ATTN: J. Nohel, Director 

B. Noble 
610 Walnut Street 
Madison, WI 53706 

Utah State University 
Center for Research in Aeronomy 
ATTN: "L, Megill 
Logan, UT 84321 

Wayne State University 
Department of Engineering 
ATTN:  R. Kummler 
Detroit, MI  48202 

Aberdeen Proving Ground 

Dir, USAMSAA 
ATTN:  DRXSY-D 

DRXSY-MP, H. Cohen 

Cdr, USATECOM 
ATTN:  DRSTE-TO-F 

Dir, Wpns Sys Concepts Team, 
Bldg E3516, EA 
ATTN:  DRDAR-ACW 

54 



USER EVALUATION OF REPORT 

Please take a few minutes to answer the questions below; tear out 
this sheet and return it to Director, US Army Ballistic Research 
Laboratory, ARRADCOM, ATTN:  DRDAR-TSB, Aberdeen Proving Ground, 
Maryland 21005.  Your comments will provide us with information 
for improving future reports. 

1.  BRL Report Number  

2.  Does this report satisfy a need?  (Comment on purpose, related 
project, or other area of interest for which report will be used.) 

3. How, specifically, is the report being used?  (Information 
source, design data or procedure, management procedure, source of 
ideas, etc.) 

4.  Has the information in this report led to any quantitative 
savings as far as man-hours/contract dollars saved, operating costs 
avoided, efficiencies achieved, etc.?  If so, please elaborate. 

5.  General Comments (Indicate what you think should be changed to 
make this report and future reports of this type more responsive 
to your needs, more usable, improve readability, etc.) 

6.  If you would like to be contacted by the personnel who prepared 
this report to raise specific questions or discuss the topic, 
please fill in the following information. 

Name:  

Telephone Number: 

Organization Address: 


